Design and analysis of jammable granular systems by Cheng, Nadia G. (Nadia Gen San)
Design and Analysis of Jammable Granular Systems
by
Nadia G. Cheng
B.S. Aerospace Engineering, University of California, San Diego, 2007
S.M. Mechanical Engineering, Massachusetts Institute of Technology, 2009
Submitted to the Department of Mechanical Engineering
in Partial Fulfillment of the Requirements for the Degree of
Doctor of Philosophy
at the
Massachusetts Institute of Technology
June 2013
ARCHIVES
AASSArNUSE1h
@ 2013 Massachusetts Institute of Technology. All rights reserved.
Signature of A uth or........................................................,...... . . . . ..... ....... ........
Department of Mechanical Ji 'ineering
a 10, 2013
C e rtifie d b y .......................................................................................................................................
Karl Iagnemma
Principal Research Scientist of Mechanical Engineering
Thesis Supervisor
C e rtifie d b y .................................................................................... - ................. ............................
Anette Hosoi
Associate Professor of Mechanical Engineering
Thesis Supervisor
A ccep te d b y ................................................................................... K 7..'........................................
David E. Hardt
Professor of Mechanical Engineering
Graduate Officer
2
Design and Analysis of Jammable Granular Systems
by
Nadia G. Cheng
Submitted to the Department of Mechanical Engineering
on May 10, 2013 in Partial Fulfillment of the
Requirements for the Degree of Doctor of Philosophy in
Mechanical Engineering
ABSTRACT
Jamming-the mechanism by which granular media can transition between liquid-like and
solid-like states-has recently been demonstrated as a variable strength and stiffness
mechanism in a range of applications. As a low-cost and simple means for achieving
tunable mechanical properties, jamming has been used in systems ranging from
architectural to medical ones. This thesis explores the utility of jamming for robotic
manipulation applications, both at a fundamental level of understanding how granular
properties affect the performance of jammed systems, and at a more applied level of
designing functional robotic components.
Specifically, the purpose of this thesis was to enable engineers to design jammable
robotic systems in a principled manner. Three parallel yet related studies were conducted
to work towards this goal. First, an experimental analysis was conducted to determine
whether the bulk shear strength of granular systems can be correlated with grain
properties-such as ones concerning shape, size distribution, and surface texture-
extracted from 2D silhouettes of grains. Second, a novel medium composed of a mixture of
hard and soft spheres was proposed to achieve variable strength and stiffness properties as
a function of confining pressure; experimental analysis was conducted on this system with
not only varying confining pressures but also varying mixing ratios of hard and soft
spheres. Finally, the design and analysis of a novel jammable robotic manipulator-with
the goal of maximizing both the strength and articulation of the system-is presented.
Thesis Supervisors: Karl lagnemmal and Anette (Peko) Hosoi 2
Title: 'Principal Research Scientist and 2Associate Professor of Mechanical
Engineering
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CHAPTER
1
INTRODUCTION
1.1 Motivation and overview
The motivation for this thesis was to contribute to the field of soft robotics by furthering
the understanding of "jamming" of granular media as a means for achieving variable
strength and stiffness components. Jamming is the mechanism by which granular media
can reversibly transition between fluid-like and solid-like states [1], and while physicists
have studied the intricacies of the jamming phenomenon for decades, designers and
engineers have only recently adopted it as a simple mechanism for achieving tunable
strength and stiffness components in many applications. The breadth of jamming
applications introduced in the last several years includes robotic end effectors [2] and
manipulators [3], medical devices [4], reconfigurable architectural structures [5][6], and
haptic and tangible user interfaces [7][8].
Such systems demonstrate the relevance of jamming in real-world applications
because they can be cheaply and readily realizable and capable of rapidly transitioning
between relatively large ranges of strengths and stiffnesses. In most of these systems-
which we will refer to as "jamming applications"-the bulk behavior of the system is
controlled by specifying the confining pressure acting on the system, which is often
composed of grains contained in an impermeable and elastic membrane. Therefore, a
simple component such as a vacuum pump can be used to modulate the differential
jamming pressure, Pam, of the system [2], as illustrated in Figure 1.1.
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un-jammed state jammed state
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elastomer interstitial fluidbladder () (often air)
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Figure 1.1: A schematic of a jammable system composed of granular media contained in an
elastic, impermeable membrane. The differential jamming pressure, Pjam, can be controlled
by a vacuum pump, and is defined as Pjam = Pout - Pin, where Pout is the ambient pressure
outside of the system and Pin is the pressure inside the system. (Diagrams: courtesy of
Steven Keating.)
The combination of the aforementioned projects highlights the primary benefits of
utilizing jamming for robotics: it enables robots to be more human-safe, inexpensive, and
robust compared to most technologies that have traditionally been used for such
applications.
1.1.1 Research goals
The overarching goal of this research was to enable engineers to design jammable robotic
systems in a principled manner. Within this scope, several areas were highlighted:
1. evaluating the strength and stiffness of granular systems in the context of jammable
applications;
2. correlating granular properties with the bulk performance of systems; and
3. robotic manipulation applications.
This thesis presents an exploration of these areas through three parallel yet related studies,
each of which is discussed thoroughly in Chapters 2-4:
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1. Chapter 2 presents an experimental analysis of whether the bulk shear strength of
granular systems can be correlated with grain properties extracted from 2D
silhouettes of individual grains;
2. Chapter 3 introduces a novel granular medium-specifically, a mixture of hard and
soft spheres-and an experimental analysis of whether it can achieve tunable
strength and stiffness properties as a function of mixing ratio and confining
pressure; and
3. Chapter 4 presents the design and analysis of a novel, jammable robotic
manipulator.
Figure 1.2 presents a visual representation of where these studies might fall along a
spectrum that broadly encompasses disciplines-namely, physics, soil mechanics, and
jamming applications-that contribute to the study and application of jamming. Section
1.3 presents a brief background of each of these disciplines in the context of jamming.
fundamental physics soil mechanics jamming applications
micro ++ macro novel tunable jammable robotic
grain properties granular systems manipulator
1
Figure 1.2: A visual representation of where the three studies presented in this thesis
might fall along a spectrum of "jamming" research, which encompasses fundamental
physics, soil mechanics, and jamming applications.
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1.2 Soft robotics: background
While the term "soft robotics" is not yet well defined, it is apparent why researchers are
interested in making robots softer: traditional systems often utilize distributed, rigid
components such as electric motors, which might limit a robot's range of motion and
abilities to conform to complex environments. More importantly, in comparison to a
system such as an elephant's trunk, which is composed of continuous structures that are
flexible and can be "actuated," traditional robotic systems can be relatively fragile and
therefore lack robustness. However, the benefits of traditional robotic components-
including high force output, bandwidth, and repeatability-are often what existing "soft
robots" lack due to the dearth of technologies that are both physically compliant and have
high mechanical performance output.
There have been many approaches to making robots softer by replacing traditional
actuators with more compliant ones enabled by technologies such as shape memory alloy
and polymer actuators [9]. Though impressive and physically compliant, many of these
technologies are not ideal for robotic applications because they are incapable of large force
outputs and high-bandwidth operations. For example, as part of a thrust to design a
system that mimics an octopus tentacle, a robotic arm composed of a silicone body and
shape memory alloy actuators was developed; though highly articulated, this arm lacked
the bending strength and stiffness required for many manipulator applications
[10][11][12]. Additional examples of compliant yet low-force systems that have
contributed to the field of soft robotics include a caterpillar-inspired robot [13] and an
extremely lightweight mobile robot composed of a Nitinol mesh [14][15].
Another approach to realizing soft robotics is through hydrostatics; for example,
portions of a robot can be composed of bladders that can both change shape and apply
forces on the environment by controlling the fluid pressure in the system [16][17][18].
The benefits of this type of system include: the effective stiffness of the bladder can be
tuned based on the supplied fluid pressure, and force outputs can be relatively high
depending on the fluid pressure. Because small (mm- and cm-scale) traditional valves can
be very expensive, researchers have also been developing novel valve technologies that
enable components to be more discrete for these hydrostatic robotic systems [19] [20] [21].
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However, in comparison to the jammable robotic manipulator presented in Chapter 4,
hydrostatic robots cannot easily be controlled to embody arbitrary configurations because
hydrostatic pressure would cause a bladder to expand to its natural inflated shape rather
than maintain an arbitrary one.
A more thorough review of approaches to developing "soft" robotic manipulators is
presented in Section 4.2.
1.2.1 Tunable strength and stiffness mechanisms
There are various phase-change and "smart" materials that are capable of transitioning
between solid (or solid-like) and liquid (or liquid-like) states. Such materials would
benefit soft robotic applications because they would enable systems to transition between
rigid, load-bearing states and passively deformable ones.
For example, magnetorheological (MR) and electrorheological (ER) fluids-which
consist of small metal particles (with dimensions on the order of tens of micrometers)
suspended in a liquid-can exhibit yield stresses (and therefore behave like a solid) when a
magnetic or electric field is applied, respectively. MR fluids have been proven to be very
effective as rapidly tunable suspension and damping mechanisms in automotive and
robotic applications [22][23][24][25]. MR fluid has even been proposed as a variable
stiffness material for robotic gripping mechanisms [26]. However, even though MR and ER
fluids can exhibit large impact strengths at high strain rates, their properties are highly
strain-rate-dependent, yielding relatively low strengths and stiffnesses under quasi-static
conditions.
Phase-change materials, including thermally tunable materials such as wax and
solder, have also been proposed as variable stiffness mechanisms for soft robotic
applications [27][28][29]. However, for thermally controllable materials, the significant
amount of time and energy required to transition between states can be unreasonable for
many robotic applications.
Table 1.1 presents a comparison of various phase-change and "smart" materials that
are capable of transitioning between solid (or solid-like) and liquid (or liquid-like) states.
The performance metrics compared are: the amount of time it takes to switch between
states; the energy per unit volume required to switch between states; and the maximum
21
compressive modulus of the material in its most rigid state. Note that the values listed are
meant to be order-of-magnitude approximations only, as some of the values depend on the
mechanism employed to transition between states (e.g., an electromagnet or electro-
permanent magnet can be used for MR fluid).
Table 1.1: A comparison of various phase-change and "smart" materials that are
capable of transitioning between a solid (or solid-like) state and a liquid (or liquid-
like) state.
Time to switch Energy/volume Maximum compressive
states to switch modulus
(sec) (J/cm3 ) (GPa)
MR fluid 10-3 10 0.0005
ER fluid 10-3 1 0.00005
Jamming 100 1 0.01
60Sn-4OPb solder 101 565 30
Beeswax 102 120 0.05
Hot glue 102 60 0.05
From this brief survey of tunable strength and stiffness mechanisms, it was
concluded that jamming of granular media exhibited a desirable combination of the metrics
presented in Table 1.1. Therefore, jamming was selected as the mechanism to focus on for
achieving variable strength and stiffness properties in soft robotic applications.
1.3 Jamming of granular media: background
This section provides a brief background of the research conducted in various disciplines-
specifically, those outlining the spectrum in Figure 1.2-in the context of jamming and how
it can be applied in real-world systems. The spectrum includes physics at one end, where
decades' worth of fundamental granular studies have been conducted but often with
idealized conditions; jamming applications at the opposite end, where engineers are
developing novel systems that utilize jamming but with limited knowledge about how
granular properties correlate with the performance of real-world systems; and soil
mechanics in the middle, where both fundamental and empirical studies have been
conducted in order to enable engineers to properly design geotechnical systems, which are
often relatively large-scale and composed of natural materials.
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1.3.1 Physics
"Jamming" is defined by the physics community as occurring when "force chains" are
present such that local yield stresses are introduced in a system that can otherwise behave
like a fluid, thereby enabling systems to transition between fluid-like and solid-like states
[1][30]. The effective phase transition that occurs in jammed systems is analogous to what
is observed in microscopic systems with attractive particle interactions [1][31][32].
Jamming, or when the effective solid phase is achieved, can occur only when the density of
particles exceeds a threshold. As seen in many materials at the microscopic scale, systems
can become unjammed, or achieve the effective liquid phase, when the temperature is
raised (e.g., when the system is vibrating) to a critical value or when the material is
sheared enough to cause the particles to move relative to each other.
Significant work has been done in the physics community to understand how
different grain parameters, such as shape and size distribution, affect system attributes
including the jamming transition [33][34][35][36], packing fraction [37][38], and the
distribution of force chains [39] [40] [41]. While these studies provide valuable insight into
how grain properties might affect the performance of a system in a jamming application,
they do not necessarily provide all the information that an engineer would need to make
fully educated design decisions. For example, performance factors such as the bulk
compressive stiffness and strength of a granular system as a function of confining pressure
might be important to an engineer designing for a jamming application, though studies in
the physics community do not necessary evaluate such metrics. Additionally, much of the
research in the physics community focuses on idealized systems (e.g., frictionless spheres
and infinite boundary conditions), which drastically differ from real-world systems.
1.3.2 Soil mechanics
Compared to the physics community, in which granular systems are typically limited to
simple and idealized (e.g., frictionless) grains and boundary conditions, the soil mechanics
community primarily conducts empirical studies on natural materials (mostly soils) for
large-scale and long-term applications. For engineers developing jamming applications,
soil mechanics topics of interest include the classification of grain properties (including
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shape, surface roughness, and size distribution) and the correlation of grain properties
with the bulk performance of systems (including the bulk compressive modulus and the
bulk shear strength). As will be discussed further in Chapter 2, the soil mechanics
community has conducted significant research to address the challenge of efficiently and
accurately classifying properties of grains [42][43][44]. Additionally, engineers developing
jammable systems greatly benefit from the breadth of research conducted to correlate such
properties with the bulk performance of systems [45] [46] [47] [48].
While the soil mechanics community provides a vast knowledge base for those
designing jammable systems, there are still many research challenges specific to jamming
applications that need to be addressed. For example, how would the bulk performance of a
granular system differ between a very large system under high confining stress (e.g., the
foundation for a house) and a much smaller system under lower confining stress (e.g., a
robotic manipulator on the scale of a human arm)? Another interesting challenge is, rather
than being constrained to studying naturally occurring granular systems (as geotechnical
engineers often are), how can engineers design and fabricate novel grains to fulfill a
particular application's requirements? These questions motivate some of the work
presented in this thesis.
1.3.3 Jamming applications
As previously mentioned, jamming of granular media is becoming increasingly popular
across many areas because of its simplicity yet effectiveness in rapidly transitioning
between relatively large ranges of strengths and stiffnesses. Figure 1.1 presents various
examples of jamming applications from a range of fields, including robotics, user interfaces,
medical technologies, and architecture. Even though one of the goals of the research
presented in this thesis was to further the understanding of jamming in the field of
robotics, we hope that our contributions will benefit many other fields as well.
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Figure 1.3: A sampling of jamming applications across various fields. Applications include: a
universal gripper [2][49]; a soft, mobile robot [50] [51]; tangible user interfaces [7]; an
endoscopic tube [4]; architectural structures [5] [6]; and reconfigurable molding and casting
devices (Steven Keating, MIT).
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CHAPTER
2
RELATING GRANULAR PROPERTIES TO BULK
PERFORMANCE 1
2.1 Background and motivation
For many engineering applications, jammable components present opportunities that
traditional rigid-body ones do not, as they can minimize the need for traditional rigid
actuators, decrease costs, increase robustness, and increase range of motion. As previously
mentioned, examples of novel jamming applications include a universal robotic gripper
[2] [49], customizable architectural structures [5], a highly articulated robotic manipulator
[3], a flexible endoscope [4], and tangible user interfaces [7].
Unfortunately, little headway has been made in identifying granular materials that
are best suited for this new class of jammable systems. Isolated studies have been
conducted to better understand how certain grain types affect system performance. In the
case of the robotic manipulator, the strength-to-weight performance of six low-density
materials was determined experimentally (as will be discussed in 4.3); for the endoscope,
the bending stiffness of a slender jammable cylinder was determined for five candidate
materials [4]; and in the development of a locomotive soft robot, an effective flexural
1 A significant portion of the data acquisition and analysis presented in this chapter was conducted by
students at The Massachusetts Institute of Technology in the Undergraduate Research Opportunities Program
(UROP). Katy Gero conducted all the image data acquisition and analysis, and she also performed the initial
set of direct shear tests discussed in this chapter. Sara Falcone also conducted direct shear tests, and
Shaymus Hudson conducted the triaxial compression tests.
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modulus as well as angle of repose was determined for five materials [51]. In total, the
materials used in these studies were: different sized glass, acrylic, polystyrene, and steel
beads; aluminum oxide particles (used for sandblasting); table salt; ground corncob;
ground coffee; sawdust; diatomaceous earth; and granular corundum. While these
selections represent educated guesses for suitable materials for jamming applications, they
do not provide general information on what types of materials are optimal; these studies
have yet to establish correlations between particle properties and jamming performance.
The properties of the membrane also introduce important design parameters for jammable
systems, and several groups have conducted preliminary studies to explore this design
space [52][53].
For many jamming applications such as the ones described above, there are typically
four properties that should be maximized to optimize the performance of the system:
1. the ease of which grains enter the solid-like state (for example, it would be difficult
to arrange jigsaw-puzzle-like pieces to interlock);
2. the strength and/or stiffness of the system in the solid-like state;
3. the malleability of the system in the liquid-like state; and
4. the repeatability of these metrics across various jamming/unjamming cycles.
The goal of the work presented in this chapter is to correlate such "macroscopic"
properties with "microstructure" granular ones-including grain shape, size distribution,
and surface properties-to provide engineers with improved methods for selecting
granular systems to best fulfill a particular application's requirements.
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Figure 2.1: A visual representation of the goal of the work presented in this chapter, which
is to correlate "microscopic" properties of individual grains with the "macroscopic"
performance of the bulk system.
This chapter presents experimental studies conducted on a wide range of materials
with uncontrolled properties to identify whether there are any dominant "microscopic"
grain properties that can be used to predict the "macroscopic" performance of granular
systems. Specifically, from the categories listed in Figure 2.1, the macroscopic property of
interest in these studies was the shear strength of grains, which is a mechanical property
and can be quantified using a parameter called "friction angle" (described in further detail
in 2.2). From the list of microscopic properties, it was hypothesized that grain shape and
size distribution would dominate surface roughness in correlating the properties of
individual grains to friction angle.
2.1.1 Characterizing "microscopic" grain properties: background
Describing the microscopic properties of a granular system using a single parameter is
extremely difficult, as systems can vary, for example, in shape, size distribution and surface
properties. Both researchers in the physics and soil mechanics communities have
attempted to quantify grain descriptors, but studies are typically limited to subsets of
materials that vary in a small number of aspects only (e.g., shape or size distribution).
Because there has been a vast range of research in this area, this section provides only a
brief introduction to the prior art and examples of common methods for characterizing
grain properties in both 2D and 3D.
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In 2D, simple parameters that are frequently used to approximate grain shapes
include aspect ratio, circularity, and roundness [54] [42]. More complicated measurements,
which usually aim at capturing small-scale features, such as roughness and surface texture,
include methods such as fractal and Fourier analysis and discrete element modeling
[55][43][56][57][58][59][60]. Grain size distribution has also been a metric of interest, as
the ability for smaller grains to fill the voids of larger grains introduces interesting
problems under topics including packing fraction and force-chain stabilization [38] [61]. As
with the work presented in this chapter, many researchers in the soil mechanics
community have been interested in how different grain properties might correlate with the
macroscopic behavior of the system [46][47], though most of these studies are limited to
soils, which do not necessarily cover the range of granular properties-including unusual
shapes and surface properties-that might be represented in jamming applications.
Quantifying grain shapes in 3D is certainly more complicated than in 2D but could
provide more useful information about the properties of grains. Many of the methods are
similar to those used for 2D shapes, including sphericity and aspect ratio (of orthogonal
axes). Additional methods include discrete element modeling [62].
2.2 Friction angle
Analogous to the coefficient of friction for sliding rigid bodies, the angle of internal friction,
or friction angle, a, is a parameter that is related to the interparticle friction of grains and is
used to predict the shear strength of granular systems. As with the coefficient of friction of
sliding solids, friction angle is typically viewed as an intrinsic property because it
represents the relationship between the shear and normal stresses in a granular system,
which is expected to be linear within a range of confining stresses. Because most jamming
applications utilize a vacuum pump to induce a differential jamming pressure, Piam, on the
system, the possible range of confining pressures is approximately 0-101 kPa, as 101 kPa is
ambient air pressure at sea level. As will be discussed, each of the materials studied in this
chapter exhibited constant angles over this operational range of 0-101 kPa.
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In the context of jamming applications, a large friction angle represents a large
increase in shear strength as the confining pressure on the system (e.g., Pjam) increases,
which is typically desirable for such applications.
2.3 Experimental methods and procedure
2.3.1 Grain selection
Due to their wide variety of grain properties-including shape, size distribution, and
surface roughness-the majority of the materials tested in this chapter were organic grains
that could be purchased at most supermarkets. To test the hypothesis that grain shape and
size distribution dominate surface properties in predicting the macroscopic performance of
materials, two of the grains tested-hulled and unhulled sesame seeds-were very similar
except for surface texture.
An initial set of experiments was conducted on twenty-five materials, ten of which
were later analyzed more thoroughly. This latter subset of materials covered a wide range
of possible particle shapes, sizes, and surface properties.
2.3.2 Imaging analysis
Our studies focused on comparing grain properties that could be obtained from 2D
silhouettes of grains using widely available imaging and analysis tools. 2D images of grains
were acquired using various methods, depending on the features of the grain. To achieve
silhouettes with maximum contrast, a macro-lensed, high-resolution DSLR camera was
used to photograph large, opaque grains on a light table, while large, translucent grains
were photographed on a black background. Smaller grains required greater magnification
and were photographed using a light microscope.
With regard to 2D properties, it has been demonstrated that while shape
descriptors derived from images from scanning electron microscopes (SEM) and light
microscopes (LM) are slightly different, the relative comparisons among samples are
similar [61]. Moreover, it has been demonstrated that LM images can provide accurate
relative shape values rather than accurate absolute shape values, which is more important
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when looking at shape profile characteristics as opposed to surface roughness
characteristics.
ImageJ was used for the entire image analysis process for the results presented in
this chapter; it is a java-based image-processing tool available on the public domain. In
ImageJ, photos of grains were first converted to a binary format using an automatic
conversion function. Examples of the converted images are presented in Figure 2.2. For
the various grain properties considered, single values representing some geometric
measurement or relation were calculated for every grain in each image using automatic
functions.
sesame ground cumin Kosher
amaranth cumin
seeds coffee salt
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Figure 2.2: Example of raw and binary images of grains.
In the initial testing of twenty-five grain types, size distribution as well as several
shape descriptors-including circularity, solidity, fractal dimension, and aspect ratio-
were considered. After analyzing how these grain parameters varied with friction angle,
we selected two parameters to focus further studies on: one shape factor, circularity, and
one size distribution descriptor, polydispersivity. These parameters were selected because
they yielded apparent correlations with friction angle (as will be discussed in 2.4), and they
each also produced a large range of values relative to the measurement resolution for the
grains that were tested. The shape descriptor circularity, C, was defined as:
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C = (2.1)
where A and p were the projected 2D area and perimeter of each grain, respectively. The
size distribution parameter polydispersivity, P, was defined as
P = Asta (2.2)
Amean
where Astd and Amean were the standard deviation and the mean values of 2D projected
areas of grains from a large sample set, respectively. (Note that this definition of
polydispersivity follows the definition of the "coefficient of variation," which is the ratio of
the standard deviation to the mean values of a data set.)
With these parameters extracted from 2D information only, two main questions
arose:
1. Can 2D silhouettes provide repeatable information about particle shape and size
distribution, especially when considering non-axisymmetric grains?
2. What is the minimum number of grains that needs to be analyzed to accurately
describe each material?
The first question was addressed experimentally: for each grain type, a large set of grains
(on the order of hundreds to thousands) was photographed five times, each time after
pouring and randomly distributing the grains onto a flat, horizontal surface. For each of the
materials, the distribution of various grain properties (such as the cross-sectional area and
perimeter of the grain silhouettes) in each photo remained reasonably constant across the
five tests, indicating that 2D silhouettes can provide repeatable information about grain
shape. Table 2.1 presents an example of select parameters extracted from ImageJ for a
batch of ground coffee redistributed and photographed five times; note that, because a
large number of grains was included in each batch of material, the majority but not
necessarily all of the grains was photographed in each trial. Additionally, because grains
would naturally settle in their most stable positions (e.g., sesame seeds would lie flat on
horizontal surface rather than balancing on their thin edges), this method of photographing
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2D silhouettes did not necessarily account for 3D properties that might be important for
non-axisymmetric grains.
Table 2.1: An example of grain parameters extracted from ImageJ for a batch of
ground coffee photographed five times, each time after randomly redistributing the
grains on a flat, horizontal surface.
Test no. Number of Average particle Average particle
particles recorded area circularity(square pixels) (pixels)
1 2654 1583.1 2350.5 0.49 0.19
2 2198 1826.9 2546.5 0.51 + 0.19
3 2180 1656.9 + 2391.0 0.52 +0.19
4 1697 1835.5 + 2725.3 0.54 0.19
5 1686 1762.6+ 2470.4 0.56 0.18
To address the second question, running averages of various shape descriptors were
recorded to determine the minimum number of grains required to cause the running
average to flatten. An example of this is presented in Figure 2.3, which plots the average
aspect ratio vs. the number of particles considered (aspect ratio was calculated in ImageJ as
the ratio of the major-to-minor axes of an ellipse fitted to a 2D silhouette of each grain).
From this example, it was determined that approximately 400 grains of kosher salt were
necessary to accurately describe the average aspect ratio of the material.
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Figure 2.3: The running average for the parameter "aspect ratio" vs. the number of
particles considered for kosher salt grains; each of the five curves represents a unique
distribution of grains in a single photograph.
2.3.3 Direct shear tests
Primarily used in the field of soil mechanics, there are various widely used experimental
methods for determining friction angle, and while they typically yield similar trends when
comparing different materials, they do not necessarily yield the same results for a given
material due to the varying nature of different types of experiments [63]. Therefore, we
were more interested in presenting an analysis of the resulting trends rather than the
absolute friction angle values. For the results in this chapter, direct shear tests were
conducted to determine the friction angle of grains. Triaxial tests were also conducted on a
few of the materials to spot-check for any large discrepancies between the trends resulting
from the two types of experiments.
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Figure 2.4: A schematic of the direct shear test set-up.
For the direct shear test, grains were placed in a vertically segmented box; a
schematic of the set-up is presented in Figure 2.4. The cross section of the box was
6 cm x 6 cm and the height of the box was 5 cm (though the samples did not necessarily fill
the height of the box). The lower section of the box was pushed horizontally at a fixed
displacement rate to induce a horizontal shear plane in the sample, while the top section of
the box was fixed. The resulting horizontal force that the top section experienced was used
to calculate the shear stress of the material. For each material, a series of direct shear tests
was conducted so that the maximum shear stress could be determined for different applied
normal loads (which could be varied across tests but were held constant during each test),
which were perpendicular to the direction of shearing. For reference, the mass of the
samples ranged from 0.03 to 0.1 kg. A sample output of shear stress vs. horizontal
displacement is presented in the inset of Figure 2.5 for three different applied normal
loads.
Figure 2.5 also presents an example plot (averaged over five trials) of maximum
shear stress vs. applied normal load, which is expected to exhibit a linear relationship.
Note that the standard deviation error bars for the maximum shear stress were so small
that they do not extend beyond the markers in the plot. The slope of this curve is defined
as the friction angle, a, of the material.
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Figure 2.5: An example of results from direct shear tests for ground coffee. The inset graph
presents the shear stress vs. displacement data for three different applied normal loads.
The main graph presents the maximum shear stress versus the applied normal load. This
latter curve is expected to be linear, and its angle relative to the horizontal axis is defined
as the friction angle, a, of the material. Note that a non-zero vertical intercept in the main
plot indicates that the material exhibits cohesion (i.e., the curve for cohesionless materials
would intersect the origin).
Five complete trials (each with the same set of three normal loads) were conducted
for every material. Because the sample preparation procedure allowed for significant
variability in how the grains were distributed into the box, a protocol was developed:
grains were "loosely packed" into the box by pouring them through a funnel to
incrementally and gradually control the distribution of material. In addition, previous
studies have demonstrated that having different technicians conduct experiments can lead
to inconsistent experimental results [64]. Therefore, for the work presented here, the same
technician ran a majority of the experiments to maximize the precision of the results.
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2.3.4 Triaxial tests
In addition to direct shear tests, triaxial compression tests-another common experiment
in geotechnical engineering for determining friction angle-were also conducted on several
materials to spot-check whether resulting trends varied significantly between the two
types of experiments. While triaxial tests have a number of advantages over direct shear
tests, namely that there are fewer stress concentrations at the boundaries and there is no
forced failure plane in the material, they are more complex to conduct [63].
+
membrane
vacuum
pump
Figure 2.6: A schematic of the triaxial test set-up used to determine the friction angle, a, of
a set of grains, which were contained in a cylindrical, thin elastic membrane sealed off by
two rigid end plates. Labeled parameters: isotropic confining pressure 03, which is the
vacuum pressure (ovac) applied to the inside of the cell; and a, which is equal to the sum
of the axial yield stress (ay) and the confining vacuum pressure. ai and a3 are the
principal stresses in the system and are used to calculate the friction angle.
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Figure 2.7: A schematic describing how the Mohr-Coulomb failure criterion is used to
determine the friction angle, a, of a set of cohesionless grains. Note that a is expected to
remain constant for a limited range of a3 values (or confining pressures).
For the triaxial tests, granular samples were contained in a thin, cylindrical latex
membrane, as illustrated in Figure 2.6. The triaxial samples were approximately 50-mm in
diameter and 90-mm tall, and membranes were approximately 70-microns thick. Granular
samples were "loosely packed" into the membrane by dispensing the material through a
funnel in a circular motion to ensure a uniform distribution of material. During this
process, the membrane was suctioned onto an outer rigid shell to maintain the desired
shape of the specimen; the shell had two halves so that it could be easily removed prior to
the experiment without disturbing the sample.
During each triaxial test, the specimen was subjected to an isotropic stress,
q 3 = Pam (by using a vacuum pump to control the pressure inside the membrane), as well
as uniaxial loading. Friction angle was computed using Mohr's circle, with the two principal
stresses being the applied isotropic stress, a3 = Pam, and the sum of the isotropic stress
and the compressive yield stress, a1 = Uy + Pam, respectively. As shown in Figure 2.7,
friction angle, a, was defined as the angle between the horizontal axis and the line that is
tangent to the circle and intersects the origin (for cohesionless materials). Typically, for a
limited range of q 3 initial conditions, a single line that tangentially intersects multiple
Mohr's circles should be used to calculate the friction angle of the material; therefore,
materials that exhibit cohesion would yield an average tangent line with a non-zero vertical
intercept.
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2.3.5 Direct shear vs. triaxial tests
A comparison of friction angle as determined from triaxial compression tests vs. direct
shear tests is presented in Figure 2.8. From this comparison, it was concluded that the
trends-but not the absolute values-resulting from the two types of experiments were
comparable for the subset of materials tested. Direct shear tests generally yielded smaller
friction angle values, which might be attributed to the test method's forced shear plane,
causing the material to fail before it would under more natural conditions.
The friction angle data presented in the remainder of this chapter was determined
from direct shear tests.
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Figure 2.8: A comparison of friction angle, a, as determined from triaxial compression tests
vs. direct shear tests. The dotted line with a slope of one serves as a visual aide to compare
how a differs between the two types of experiments (if the results between the two
experiments were identical then all the points would lie on this line).
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2.4 Results and discussion
2.4.1 Circularity and polydispersivity vs. friction angle
Figure 2.9 and Figure 2.10 present experimental results for (the inverse of) circularity and
polydispersivity vs. friction angle, respectively. These results indicate an asymptotic-
approach relationship between each of the two microscopic grain parameters and the
macroscopic property, friction angle. For both cases, (2.3) was used to fit the data using a
tangent function:
a = a tan~1 b (2.3)
where x was the microscopic grain parameter (C-' or P), and a, b, and c were fitting
parameters. For circularity, the values for the fitting parameters were: a = 23.45 + 1.06,
b = 0.015 + 0.02, and c = 1.15 ± 0.02, and the coefficient of determination was R = 0.66.
For polydispersivity, the values for the fitting parameters were: a = 23.44, b = 0.008
0.009, and c = 0.14 + 0.03, and the coefficient of determination was R2 = 0.26.
This analysis indicates that circularity yielded a more reliable correlation with
friction angle than polydispersivity did, though additional experiments should be
conducted with materials that exhibit 0.5 P 5 1.4 in order to utilize a denser distribution
of P values to conduct a more thorough analysis of whether polydispersivity can be used to
reliably predict friction angle. Regardless, the results provide insight when selecting a
granular material for a given application because beyond a certain value of C-1 - 1.3 or
P ~ 0.3, there appears to be diminishing returns with increasing C-1 or P. This has
important implications when considering additional bulk properties such as the fluidity of
the system in the unjammed state. One might expect that as C-1 increases, the fluidity of
the system in the liquid-like state would decrease; as grains diverge from being spherical,
their individual degrees of freedom (especially in rotation) are decreased, thereby
inhibiting the motion of grains relative to each other to increase the resistance to bulk
deformation [39][65]. Therefore, it would be ideal to utilize a grain that can transition
between exhibiting a large value of C-1 for high shear strength in the solid-like state and a
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small value of C 1 for low shear strength in the liquid-like state. This concept of designing
granular systems to have tunable properties is further explored in Chapter 3.
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Figure 2.9: Friction angle, a, vs. the inverse of circularity, C
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Figure 2.10: Friction angle, a, vs. polydispersivity, P
While circularity and polydispersivity appear to be correlated with friction angle, it
is important to keep in mind that other factors, such as surface properties, can also have a
significant influence on grain strength. A brief discussion about the two types of sesame
seeds hypothesized to mostly differ in their surface properties is presented in 2.4.3.
2.4.2 Density vs. friction angle
For the direct shear tests, it was important to measure the density of the samples in the box
in order to ensure consistent initial conditions. Additionally, for many jamming
applications, the density of the grains can be an important consideration, especially for
load-bearing applications, such as robotic manipulation, in which the strength-to-weight
performance is a crucial factor. For example, while table salt exhibited a relatively large
friction angle, it is relatively dense and might be a poor choice of material if the weight of
the system were an important design parameter. The strength vs. weight performance of
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granular systems is explored further in the context of the jammable manipulator in Chapter
4.
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Figure 2.11: Friction angle, a, vs. the bulk density of different granular systems: 1) sand,
2) 390 pm glass beads, 3) Folgers ground coffee, 4) diatomaceous earth, 5) cumin seeds,
6) Jasmine rice, 7) couscous, 8) sesame seeds (unhulled), 9) amaranth grain, 10) oat bran,
11) corn grit, 12) poppy seeds, 13) table salt, 14) kosher salt, 15) sesame seeds (hulled),
16) quinoa, 17) sandblasting glass beads, 18) Goya rice, 19) 300-425 pm glass beads, 20)
800-1200 pm glass beads, 21) 1500-2000 srm glass beads, 2) 2000-2500 Im glass beads,
23) finely ground coffee, 24) medium-ground coffee, 25) coarsely ground coffee.
Figure 2.11 presents a plot of friction angle vs. bulk density for the initial set of
twenty-five materials that direct shear tests were conducted on. For systems such as the
manipulator, desirable materials, or those with a high strength-to-weight ratio, would lie in
the top-left portion of the graph. Ground coffee ranked relatively high according to this
metric, which is perhaps why it has proven to be successful in existing jammable robotic
applications [2].
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2.4.3 Surface properties
Analysis of the two types of sesame seeds offered a unique perspective on the effect of
surface texture on strength. Although both grains exhibited similar values of C-' or P, the
unhulled sesame seeds yielded a notably larger friction angle, suggesting that surface
properties can have a significant effect on the strength of a material. Figure 2.12 presents
SEM images for both an unhulled and hulled sesame seed. While these images might
suggest that the surface of the unhulled sesame seed appears to be rougher, additional
analysis should be conducted to actually quantify the roughness of the grains (for example,
using an AFM).
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Figure 2.12: SEM images of two types of sesame seeds tested: a) hulled and b) unhulled.
2.5 Conclusions
After conducting studies on a range of granular materials, results suggested that
microscopic grain properties (specifically, a shape parameter called circularity and a size
distribution parameter called polydispersivity) can yield notable correlations with the
macroscopic system performance (namely, friction angle) even when not controlling for
other factors such as surface texture. The resulting asymptotic-approach relationship
between friction angle and either circularity or polydispersivity enables engineers to
predict how a granular material might perform in jamming applications. However, it also
implies that a large range of materials beyond the asymptotic threshold should perform
similarly in strength.
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Of the twenty-five materials tested, results also confirmed that ground coffee yields
a favorable combination of exhibiting both high strength and low density for jamming
applications.
2.6 Recommended next steps
Future studies should be conducted on materials with more controlled properties,
including, for instance, identical rods with equal widths but varying lengths. This.would
provide a more quantifiable relationship between grain strength and circularity or aspect
ratio. Also, as suggested from the differing results between the two types of sesame seeds,
it is important to understand how grain properties such as surface properties and
individual particle strength correlate with the bulk strength of a granular system.
Additionally, while strength in the jammed, solid-like state is an important
parameter to consider, understanding how grain properties affect other performance
characteristics-including the ease of which grains enter the maximally jammed state, and
the repeatability across many jamming-unjamming cycles-will be essential for outlining
the framework with which engineers can design for this novel class of jammable systems.
In general, the major concern about using 2D silhouettes to characterize grains is
that potentially important properties (such as the relative flatness of grains, in the case of
the sesame seeds) can only be captured when considering the shape of grains in three
dimensions. However, because many of the grains presented in these studies exhibited
axisymmetric properties, 2D silhouettes might have been adequate in capturing important
features of most of the grains. Regardless, the results presented in this chapter should be
used to help guide future experiments and analysis. For example, an additional orthogonal
axis can added to Figure 2.9 and Figure 2.10 to understand how circularity extracted from
two orthogonal planes might correlate with friction angle.
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CHAPTER
3
EXPLORATION OF STRESS-DEPENDENT
PROPERTIES IN GRANULAR SYSTEMS
3.1 Background and motivation
The motivation behind this chapter was to further provide engineers with tools to design
for the novel class of jammable systems not only by contributing to the fundamental
knowledge of how real-word systems are affected by grain properties, but also to explore
ways in which grains can be designed to achieve desired performance characteristics.
As discussed in Chapter 2, for applications in which systems achieve tunable
strength properties via jamming and unjamming of granular media to reversibly transition
between solid-like and liquid-like states, it is often desirable to maximize the macroscopic
bulk strength in the jammed state (e.g., for load-bearing tasks) while minimizing the bulk
strength in the unjammed state (e.g., when compliance is desired). However, as
determined in the experimental analysis in Chapter 2, many granular systems exhibit
constant interparticle friction properties, such that the shear strength of the system is
linearly proportional to the applied normal stress.
For example, smooth, rigid spheres typically exhibit relatively low interparticle
friction because their geometric and surface properties minimally constrain grains from
rolling and slipping past one another; therefore, while they favorably provide minimal
resistance to bulk deformation in the unjammed state, they also produce relatively weak
structures in the jammed state. In the other extreme, very angular and rough grains would
provide increased resistance to bulk deformation, thereby maximizing the bulk strength in
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the jammed state while also minimizing the malleability of the system in the unjammed
state [61].
One of the goals of this chapter is to identify granular system properties that exhibit
interparticle friction that is higher in the jammed state than in the unjammed state. While
there might be various methods for achieving this-for instance, by dynamically chemically
changing the surface properties of grains-we proposed to drastically modulate the
friction angle of grains by mechanically changing their geometries based on the system's
confining stress. Inspiration for this arose from previous studies, including those
presented in Chapter 2, which suggested that grain geometries have a dominant impact on
friction angle.
Various concepts for novel grain designs were developed, including: bistable grain
structures (e.g., that locally buckle to change shape when subjected to a critical applied
load); and rigid, angular shapes embedded in softer rounded ones (e.g., a grain composed
of a rigid cube embedded in a soft sphere that can behave more like a sphere or a cube,
depending on how it deforms under distinct loading conditions). Because both of these
concepts are difficult to conduct controlled studies on, we focused these initial studies on a
system inspired by the latter concept: a mixture of hard and soft spheres.
We hypothesized that soft spheres alone can achieve a wide range of interparticle
friction depending on the confining stress, as they can remain nearly spherical under low
confining stress (and therefore exhibit both rotational and translational degrees of
freedom to minimize resistance to bulk deformation), while they can exhibit local
deformation under high confining stress to transition into non-spherical shapes, thereby
decreasing their rotational degrees of freedom to non-linearly increase the shear strength
of the system [39] [65]. However, because soft grains are expected to produce systems with
relatively low bulk compressive stiffness [66] [53], hard spheres were also included to
increase the bulk compressive stiffness, which is also an important design parameter for
many applications.
Therefore, the goal of our studies presented in this chapter is to provide engineers
and designers with an understanding of how a granular system composed of a mixture of
hard and soft spheres can be optimized for a specific application. Controlled experiments
were conducted on systems with various mixing ratios of hard and soft spheres to compare
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different granular mixtures' properties, including: friction angle, and bulk compressive
modulus and bulk compressive yield strength, both of which are extrinsic properties for
granular systems. An example of how a mixture of soft and hard spheres locally responds
under a large applied load is provided in Figure 3.1, where labels in the figure indicate an
example of a soft sphere and three hard spheres in the system; while the hard spheres
remained spherical under compression, the soft sphere deformed to become non-spherical.
soft sphere
hard spheres
Figure 3.1: A photo of grains from the outside of a triaxial cell during a test; the scale bar
represents 5 mm.
3.1.1 Rubber-sand mixtures in soil mechanics studies
While utilizing a soft-hard granular composite to achieve tunable strength and stiffness
properties is a novel concept for jamming applications, geotechnical engineers have been
studying rubber-sand mixtures for over a decade [67] [68] [69] [70][71] [72]. Though not a
natural material, rubber chips have been integrated into soil systems because recycled tires
are plentiful, and geotechnical engineers have developed novel uses for them, including in
highway embankments and light-weight backfills [67] [70]. Backfills for retaining walls, for
example, benefit from the addition of rubber chips because the softer and deformable
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material can decrease the lateral pressure in the system compared to when only gravel is
present [69][72].
In the soil mechanics studies involving rubber-sand mixtures, the addition of rubber
chips typically decreases both the bulk stiffness and bulk strength of the system. While the
former characteristic is not surprising, the latter contradicts our hypothesis regarding the
proposed system containing smooth, hard spheres; hard spheres alone yield a relatively
low friction angle because their geometry affords them rotational degrees of freedom,
therefore enabling local rolling and slipping to occur, and thus decreasing the strength of
the system. It was hypothesized that the presence of soft, deformable spheres could
decrease the degrees of freedom of individual grains to increase the bulk strength of the
system. In contrast, sand alone exhibits relatively high friction angles because sand
particulates are typically angular and jagged, limiting the rotational degrees of freedom of
individual grains and thereby increasing the bulk shear strength of the system.
Geotechnical engineers hypothesized that while rubber chips help stabilize the load-
carrying force chains formed by the sand [72] (perhaps to increase the yield strain of the
system), the friction angle still increases with the volume fraction of sand because the
shear strength of the sand is greater than that of the rubber chips [70].
In comparison to these studies that have been conducted in the soil mechanics
community, the work presented in this chapter eliminates the geometric variables present
in sand-rubber mixtures by studying monodisperse mixtures of hard and soft spheres
whose main variation lies in the relative stiffnesses of the two materials.
3.2 Experimental methods and procedure
Drained triaxial compression tests-which consist of a cylinder of grains confined in a thin
elastic membrane and subjected to a constant isotropic stress in addition to uniaxial
compression-were selected as the experimental method for determining friction angle
because the testing conditions are similar to those of most existing engineering jamming
applications. The test set-up, in which a vacuum pump was used to apply constant
isotropic stress to the system, and method (derived from the Mohr-Coulomb failure
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criterion [63]) for calculating the resultant friction angle are presented in Figure 2.6 and
Figure 2.7, respectively.
As discussed in Chapter 2, the friction angle, a, for many grain types is expected to
be an intrinsic property that remains constant within a limited range of isotropic stress U3,
such that any combination of shear and normal stress lying above the line defined by angle
a would cause the system to fail. Note that in most jamming applications, U3 = 6 vac is the
differential jamming pressure, Pam, controlled using a vacuum pump. Therefore, with
ambient air as the atmosphere, the possible range of u3 is roughly 0-101 kPa, which is
small enough such that a is expected to remain constant for most grain types within this
operating range. Because the "friction angle" of a material is typically calculated as an
average from a series of Mohr's circles resulting from multiple U3 initial conditions, we will
use the term "effective friction angle," or aeff, to define the "friction angle" resulting from
individual combinations of a, and u3, where o1 is the sum of 63and the compressive yield
stress, Qy.
Triaxial tests were conducted on various mixing ratios of smooth, monodisperse
hard and soft spheres. The spheres were 3/16-inch (4.76-mm) in diameter, and both
materials (PVC for the hard spheres, and 70 Shore A nitrile for the soft spheres) were
selected to have similar densities to prevent either of the materials from preferentially
settling at the bottom of the mixtures. All the spheres were coated in Talcum powder (by
tumbling mixtures in the powder and sifting away any loose powder) to minimize any
adhesive effects of the soft spheres, as they tended to stick to surrounding spheres before
the coating was added. (Not only would adhesion prevent a uniform distribution of
spheres, but it could also provide another variable for increasing the friction angle of the
mixtures [73].)
Test samples were roughly 50-mm in diameter and 90-mm in height, and the latex
membranes were approximately 70-microns in thickness. Samples were prepared by
gradually pouring a randomly distributed mixture of 1,890 spheres into the inside of the
membrane, which was constrained (via suction) to an outer rigid, cylindrical shell that
defined the desired shape of the final sample. Cylindrical end caps were placed on the ends
of the sample such that the membrane fit over the end caps to hold them in place, and the
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outer rigid shell was removed after the desired 63 was achieved by, if necessary, applying a
vacuum to the inside of the sample (via the lower end cap, which contained a filter and an
air channel to connect the inside of the sample to the vacuum pump). Note that the
membrane was not completely pulled over to cover any portion of the planar (top or
bottom) surface of the end caps; rather, the membrane remained only on the radial surface
of the end caps (this is an important consideration in 3.2.1 in the estimation of U3 for the
case of no applied vacuum pressure).
Experiments were conducted with four different q3 initial conditions: 3.7 kPa (from
the confinement of the membrane only, whose unstretched diameter was 32 mm; no
vacuum applied), 33.7 kPa (1/3 atm), 67.3 kPa (2/3 atm), and 101 kPa (1 atm). An initial
set of experiments was conducted with mixtures composed of p = 0.00, 0.25, 0.50, 0.75,
and 1.00, where 9s was the volume fraction of spheres that were soft (therefore,
h= (1 - Ps) was the volume fraction of hard spheres). Additional tests were
conducted with V, = 0.15 and 0.65 to further investigate the behavior of the mixtures
near the theoretical percolation thresholds (discussed in more detail in 3.3.2). The axial
strain rate of the tests was 2 mm-min-1 , and three to eight trials were conducted for each
combination of V, and 63.
3.2.1 Determining -3 for the case of no applied vacuum pressure
Determining q3 for the case of no applied vacuum was not trivial. One method for
estimating 63 is to use elastic shell theory to calculate the change in radial stress due to the
change in membrane diameter [74]:
2tEm(Di - Dm)
DiDm
where t is the membrane thickness, Em is the elastic modulus of the natural rubber of the
membrane (can be assumed to be 1400 kPa), and Di and Dm are the diameter of the triaxial
specimen and the unstretched membrane, respectively. With t = 70 ptm, (3.1) yielded
63=~ 2.238 kPa. However, it did not seem appropriate to use this simple calculation to
estimate q3 for our triaxial set-up since it did not account for the additional stress induced
on the sample due to the membrane also constraining the axial position of the end caps.
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Therefore, a value for q3 for the case of no applied vacuum pressure was back-
calculated using a measured ay and an assumed constant friction angle for the case of 0%
soft spheres (or 100% hard spheres). Because the calculated friction angle for 100% hard
spheres was consistently 134 ± 0.50 for a3 2 1/3 atm, this was a reasonable assumption.
This calculation yielded 63=~ 3.7 kPa.
3.3 Results and Discussion
3.3.1 Bulk compression modulus and yield stress
Figure 3.2 presents a plot of effective bulk compression modulus, Eeff, vs. bulk
compression yield stress, ay, for various combinations of Os and confining pressure, q3.
Note that the values of Eeff presented in this chapter were calculated as the small-strain or
initial modulus. The data indicates that regardless of the value of qs, for 63 = 3.7 kPa (the
case in which no vacuum pressure was applied), both Eeff = 0.31 + 0.07 kPa and
a, = 2.37 + 0.23 kPa remained relatively constant, which is significant in supporting our
hypothesis that soft spheres can indeed behave like hard spheres when the confining
pressure is minimal. Additionally, for a given qs or 63, Figure 3.2 indicates that a system
composed of hard spheres only (qp, = 0) produces the highest bulk compressive stiffness
yet lowest compressive bulk strength, whereas a system composed of soft spheres only
(p, = 1) generally produces the lowest bulk compressive stiffness yet highest bulk
compressive strength.
While the trend of increasing bulk compressive stiffness with decreasing qs aligns
well with previous soil mechanics studies of rubber-sand mixtures, the trend of decreasing
bulk strength with increasing Vs does not agree with these previous studies [72][70]. As
hypothesized in 3.1.1, this is likely due to the contrasting dominant deformation
mechanisms between systems composed of smooth, hard spheres versus those composed
of sand, which is often angular and jagged. The former typically yields relatively low bulk
compressive strength because the dominant mode of deformation is caused by individual
grains rolling relative to each other, while the latter exhibits relatively high bulk
compressive strength because the dominant mode of deformation is the compression of
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individual grains (since the jagged geometry of individual grains prevents them from
rolling relative to each other). Therefore, the bulk compressive strength of soft, rubber
particles might be greater than that of the hard spheres but smaller than that of sand,
which is a mixture of angular particles of similar size and material properties.
In Figure 3.2, a comparison of the data between p = 0 and V, = 0.15 also suggests
an important design consideration: by adding a small portion of soft spheres to a system
primarily composed of hard spheres, the system's bulk stiffness can be maintained while its
strength can be increased. Additionally, the curves for different values of V, reflect a rapid
decrease in bulk stiffness for 0.15 p, < 0.5 relative to 0.5 (Os 1.0, indicating a non-
linear relationship between the volume fraction of soft spheres and the bulk compressive
stiffness. This is explored further in the analysis of Figure 3.7.
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Figure 3.2: Effective modulus, Eeff, vs. compressive yield stress, ay. Solid lines connect
points for a given volume fraction of soft spheres, V, (values labeled at the rightmost end
of each curve), while dotted lines connect points for a given confining pressure, a3
(designated by different marker shapes and corresponding values in the legend).
Previous studies have also suggested that a power law can be used to relate the
small-strain stiffness to the average effective stress (or confining stress) on the system
[75][72], such that E oc ab, where E and a represent the stiffness and effective stress,
respectively, and b is an empirical exponent dependent on grain properties. These studies
state that b 0 for an ideal solid, b = 1/3 for a system dominated by Hertzian contacts,
and b > 0.6 for soft clays. In our system of soft and hard spheres, it can be argued that both
sphere types should exhibit Hertzian contacts. Figure 3.3 presents a plot of Eeff vs. a3 for
systems either composed of hard spheres only (V, = 0) or soft spheres only (p, = 1).
Unfortunately, q3 should span at least two decades before conclusions about b can be made,
so the range of q 3 values was insufficient for the purposes of presenting definitive values of
b. However, this initial analysis suggests that b, quantified as the slope of the curve in a
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log-log plot, was greater for V, = 0 than for qs = 1. For the case of V, = 0, the steeper
dependence of Eeff on a3 might be attributed to the conjecture that the dominant
deformation mechanism for hard spheres was rolling and slipping; therefore, as U3
increased, the frictional force between spheres increased, thereby increasing the system's
bulk resistance to deformation. For a system composed of soft spheres only, there was a
less steep dependence of Eeff on a3 , which is most likely due to the assumption that the
dominant deformation of soft spheres was compression. Note that the natural surface
adhesion of rubber, though mitigated by the Talcum powder coating, also likely caused the
soft spheres to resist motion relative to each other (i.e., limit their degrees of freedom) to
enable them to deform (rather than roll) under load.
As shown in Figure 3.3, for each case, V, = 0 and p = 1, two exponential fits were
included: one in which all four data points were considered, and one in which only the
three data points for u3 34 kPa were considered (i.e., the data points for the case in
which no vacuum pressure was applied were not considered). Figure 3.3 indicates that the
resulting power laws for the latter fits aligned better with the published value of b = 1/3
(for Hertzian contacts) than the former fits did. This is especially true for the case of
ps = 1, which yielded a power law of 0.316. This suggests that when U3  34, the
dominant mode of deformation for soft spheres was compression via Hertzian contacts.
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Figure 3.3: Effective modulus, Feff, vs. compressive yield stress, U3 for the cases of V, = 0
and (p, = 1. The lines represent power law fits for each case: the dotted lines represent
fits including all four data points in each case, while the solid lines represent fits that
include only three data points for 03 34 kPa in each case.
3.3.2 Bulk compression modulus, effective friction angle, and percolation
Figure 3.4 presents both effective compression modulus, Eeff, and effective friction angle,
aeff, vs. Vs for various values of 73. The red and blue shaded regions encompassing the
data points for Eeff and aeff, respectively, were drawn by hand to help visually identify the
overall trends for q3 34 kPa. These regions can be compared to the relatively flat curves
at the lower portion of the plot for q3 = 3.7 kPa (or when no vacuum pressure was applied
to actively induce jamming). At q3 = 3.7 kPa , both Eeff = 0.31 + 0.07 MPa and
aeff = 13.41 + 1.00* remained relatively constant independent of ps, (which was expected
from the analysis of Figure 3.2). More importantly, and as hypothesized, the data indicates
that friction angle, cetff, can be significantly increased for systems in which soft spheres are
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present by increasing the differential jamming pressure, U3. Interestingly, for U 3  34 kPa,
aeff appeared to be a function of qs only, which suggests that after some critical value of U3
that causes the spheres to deform and no longer behave like hard spheres, friction angle
can be treated as an intrinsic property.
Two vertical, shaded bars are also included in Figure 3.4 at approximately
ps = P = 0.29 to identify the theoretical critical volume fractions at which each type of
sphere was expected to first percolate through the system [76][77][73][78][79][80]. As an
example, for a randomly distributed system composed of conductive and non-conductive
spheres, the onset of percolation for the conductive spheres can be thought of as occurring
when a conductive path is first formed between opposite edges of the system. In the
analysis of Figure 3.4, aeff for u3 > 34 kPa appears to plateau near qV = 0.29, though it is
not apparent whether percolation should have a significant impact on the friction angle of a
composite granular system. On the other hand, one might expect the onset of percolation
of hard spheres at 'h = 0.29 to have a significant impact on the bulk stiffness of the
system.
Before percolation, it is hypothesized that the bulk stiffness might be dominated by
behavior analogous to that of springs with varying spring constants acting in series,
whereas after percolation, the bulk stiffness might be dominated by behavior analogous to
that of springs with varying spring constants acting in parallel, since both materials are
expected to have homogeneous chains spanning the bulk material. Therefore, due to the
relative stiffness of the hard spheres, it might be hypothesized that the bulk stiffness
increases significantly after the hard spheres percolate. However, Figure 3.4 indicates that
Eeff appears to diverge at 'P~ 0.5 instead of Ph = 0.29. One possible explanation for this
is that even if the hard spheres did percolate at 'P = 0.29, it does not mean that there were
enough hard spheres in the system to form force chains that span the bulk material in the
direction of loading. Additionally, the dimension in the direction loading is twice that of the
lateral dimension, and relative system dimensions are not necessarily accounted for in the
generalized percolation threshold for spheres.
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Figure 3.4: Effective compression modulus, Eef, and effective friction angle, aeff, Vs. Ps
for various values of 03. The red and blue shaded regions reflect the overall trends of Eeff
and aegg, respectively, for 03 > 34 kPa. The shaded vertical bars at approximately
Vs = 0.29 and Ps = 0.71 indicate the theoretical percolation thresholds for the soft and
hard spheres, respectively.
3.3.3 Effective friction angle and angle of repose
Because the angle of repose is theoretically equal to the friction angle of a granular material
when there is no confining pressure (i.e., u3 = 0), the angle of repose was determined for
various values of 'p. This was especially important because, as discussed in 3.2.1, 3 = 3.7
for the case of no applied vacuum pressure was an estimated value based on an assumed
constant friction angle for the hard spheres. Therefore, if U 3 for the case of no applied
vacuum pressure was actually smaller than the estimated value, then aef could have been
large enough to disprove the hypothesis that friction angle can be increased with
increasing a3 for a mixture of soft and hard spheres.
Note that using (3.1) to calculate an estimated -3 to calculate a theoretical friction
angle would result in aeff 19.5* for a3 =- 2.238 (regardless of Vs since ay = 2.37 +
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0.23 kPa was relatively constant), or the case in which the confining pressure was due to
the change in diameter of the membrane only. As previously discussed, it did not seem
reasonable to use this estimated value of a3 since this method did not account for the
additional stress induced on the sample due to axial (in addition to radial) confinement of
the membrane. Regardless, even aeff ~ 19.50 (for the case of no applied vacuum
pressure) would result in an increase in friction angle with an applied vacuum pressure as
hypothesized, but for p > 0.5 only.
Figure 3.5 presents friction angle and angle of repose as a function of ps. As
discussed, it was hypothesized that the angle of repose would remain relatively constant as
a function of p since there were no geometrical differences between the hard and soft
spheres. The angle of repose for samples was determined two ways-labeled in Figure 3.5
as "no rolling" and "rolling"-each by pouring a sample of grains into a vertical tube
(approximately 9.5 cm in diameter) resting on a flat surface, and removing the tube to let
the grains settle accordingly:
1. "No rolling": In this method for determining the angle of repose, the bottom
layer of grains was contained in a Petri dish and therefore not allowed to slip
or roll under the weight of the sample.
2. "Rolling": In this method, the bottom layer of grains was not constrained
once the tube was removed, thereby allowing grains to slip and roll under
the weight of the sample.
The angle of repose was measured as the angle between the horizontal base and the incline
of the surface of the grains in the resulting pile, which is often in the shape of a cone.
The "rolling" method was expected to yield a lower bound for friction angle and be
more representative of our system than the "no rolling" method since the spheres were
smooth and were therefore allowed to slip and roll in response to applied loads. The "no
rolling" method was expected to be representative of a system that exhibits Hertzian
contacts with no slipping or rolling, yielding an upper bound for the friction angle [66].
Figure 3.5 indicates that the angle of repose determined from the "rolling" and "no
rolling" methods did yield a lower and upper bound for the empirical friction angles,
respectively. Additionally, if the angle of repose determined from the "rolling" method can
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be approximated as the friction angle for the case in which no vacuum pressure is applied,
then it has been further proven that the friction angle for a system containing soft spheres
can be increased with large differential jamming pressures, Pam-
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Figure 3.5: Effective friction angle, aeff, vs. P, for various values of 0-3. The solid circle
and square markers represent the angle of repose for the case of "no rolling" and "rolling",
respectively. In the case of "no rolling", the bottom layer of the grains was contained in a
circular dish such that they were not allowed to roll laterally; in the case of "rolling", the
grains were placed on a large horizontal surface such that the bottom layer of grains was
allowed to roll and move laterally.
3.3.4 Predictive models for the bulk compression modulus
Small-strain deformation in granular systems has been of interest both in the physics and
soil mechanics communities, and many researchers have attempted to develop predictive
models for the bulk effective compressive moduli of granular systems, but most of these
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models are relatively complicated [75]. In soil mechanics, various models have been
developed to estimate the bulk mechanical properties of mixtures composed of two types
of materials using information only about the mechanical properties of the individual
materials. The Hashin-Shtrikman model was formulated to predict the upper and lower
bounds of the bulk modulus of a two-phase system, though the model requires knowledge
about the shear modulus of the two materials, which we did not have [81]. The Bache and
Nepper-Christensen empirical model-which requires information only about the elastic
moduli and the relative volume fractions of the two materials in the system-approximates
the mean of the upper and lower bounds of the Hashin-Shtrikman model [82]; however, the
results calculated from this model did not align well with our experimental data, as
demonstrated in Figure 3.7.
To understand the unexpected results of Eeff as a function of ps, we sought to
develop simple models for predicting the bulk compressive stiffness of the system. Note
that the empirical modulus values used to test the validity of the models were for small
strains (i.e., they were the initial moduli at the onset of deformation), while the models do
not necessarily make any assumptions about the strain values (other than that the grains
are exhibiting elastic deformation only).
Two models were used to predict Eeff of our system:
1. a closed-form model that considers the system of spheres as a continuous
medium; and
2. a model that treats the system as a grid of discrete spheres (or units), such
that a numerical simulation can be used to determine an average Eeff over
many trials of randomly assigning inputs to each unit.
The closed-form model simply treated the system as a composite composed of two
continuous materials "stacked" in the direction of the applied load, such that the materials'
compressive moduli could be added in series to compute the bulk effective modulus of the
system. The relative proportions of the two materials depended on the specified value of
Vs. The proposed closed-form solution for Eeff is presented in (3.2):
62
Eeff =EhVs + Es(1 - qs) (3.2),
where E, and Eh were the bulk compressive modulus for the soft and hard materials that
the spheres were composed of, respectively.
For the second model, the simulated system was treated as having m x n rows and
columns of spheres (or units), respectively. Shape and any interaction effects (e.g., rolling,
slip, stick, friction, etc.) were neglected, such that the system was analogous to a grid of
ideal springs. For a specified value of V, in the overall system, each unit was randomly
assigned a compressive modulus, Ei; (either Eh or E, for a hard or soft sphere,
respectively). The bulk compressive modulus of the system, Eeff, was predicted by first
calculating an effective compressive modulus for each column by adding the moduli in
series, and then adding the columns' effective moduli in parallel. The calculation for Eeff
in this numerical simulation is presented in (3.3), and a diagram of the idealized system is
included in Figure 3.6.
n 
m
Eeff = f (3.3)
Therefore, this method assumed that force chains were acting along the columns in the
direction of the applied load only.
Figure 3.7 presents Eeff vs. 0s for various values of q3 for both the closed-form and
numerical models as well as experimental data. The normalized effective compressive
modulus was defined as Reff = Eeff/Ee*ff, where Ee*f = Eeff(Ps = 1) (therefore, Ee*ff
was unique for each value of o3). For the numeral simulation results, Eeff was computed
as an average over 1,000 trials for each value of Vs. Additionally, three dashed curves
represent numerical solutions for three m: n ratios (specifically, 28:70, 20:100, and 14:140
to maintain a total number of approximately 2000 units), where m: n = 20:100
represented the relative dimensions between grain diameter and the triaxial sample used
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in the experiments. The results for the other two m: n ratios were included to demonstrate
how the calculation of Eeff can be affected by the change in finite aspect ratio.
Note that, because we did not know the bulk compressive modulus of the PVC
material used in the hard spheres, the values used in the simulation were Eh = kh/ks =
86.9 and Es = ks/k, = 1, where kh and ks were the measured stiffnesses of individual hard
and soft spheres, respectively (Es = 3.8 MPa was provided by the manufacturer of the soft
spheres). This substitution was acceptable because 1) the final desired value was the
normalized parameter Eeff, and 2) it can be assumed that the ratio of stiffnesses of the two
materials was equal to the ratio of the compressive moduli.
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Figure 3.6: A diagram of the idealized system used to calculate a theoretical value of the
bulk compressive stiffness, Eff using a Monte Carlo simulation. Each square (or unit)
represents a sphere in the real system. Note that the ratio of units labeled Eh to those
labeled E, depends on the value of (p, which is specified by the user in the simulation.
Figure 3.7 indicates that both the results from the closed-form and numerical
models aligned reasonably well with the experimental data. Note that the numerical model
accounted for the relative proportions of the system while the closed-form model did not; if
m >> n then the numerical model is expected to converge to the closed-form solution. On
the other hand, in the numerical model, m «n would yield a larger bulk compressive
stiffness for small es since there would not be enough discrete units representing soft
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spheres to span the columns of the system. Therefore, the closed-form solution should be
adequate for most cases except for when m «n.
Because it was approximated that m = 20 and n = 100 in the system under
consideration (and therefore the theoretical Feff was larger for the numerical model than
for the closed-form model), it might have been expected for the numerical model to
provide a more accurate representation of the system than the closed-form model.
However, the experimental results appeared to align better with the results from the
closed-form model; this might be because the experimental values of Seff were generally
smaller than expected due to the hypothesis that, for small cp, the dominant mode of
deformation was rolling rather than compression.
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Figure 3.7: Normalized bulk modulus, Leff, vs. volume fraction of soft spheres, p, where
the Peff = Eff/E*, and E* is the effective compressive modulus when V, = 1. Both a
closed-form and three numerical solutions are included. The solution calculated from the
Bache and Nepper-Christensen model (labeled "BNC model") is also included for
comparison [82].
In general, a hypothesis for why eff diverged for small Ps and especially for 9, = 0
(in the simulation, Reff (ps = 0) = 86.9), is that in the real system, the response for hard
spheres was dominated by rolling rather than compression, yielding Eeff(Vs = 0) «Eh. In
contrast, applied loads would cause soft spheres to deform such that they are no longer
spherical, thereby reducing the unconstrained rotational degrees of freedom that spheres
exhibit and increasing the bulk resistance to deformation. Additionally, for soft spheres,
point contacts can transform into area contacts, which would help stabilize force chains.
(For reference, Es = 3.8 MPa, which is approximately three times Eeff(Ps = 1) for
a3 ;L> 34 kPa. This difference might be reasonable, even if in the extreme case that the soft
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spheres do not slip, because a system of spheres behaves more like a cellular solid than it
does a continuous material with no voids.)
3.4 Conclusions
With the goal of identifying a granular system that can exhibit a larger bulk strength in the
jammed state than in the unjammed state, a mixture of monodisperse hard and soft spheres
was proposed to achieve variable friction angles as a function of confining stress. It was
hypothesized and proven through experiments (triaxial compression tests) and analysis
that soft spheres alone could yield variable friction angles because they can significantly
change geometries under different confining stresses. Specifically, soft spheres were
expected to behave like hard spheres under minimal confining stress (and therefore exhibit
rotational degrees of freedom to minimize the bulk resistance to deformation) while they
deform to become non-spherical under high confining stress (and therefore "lose" the
rotational degrees of freedom to increase the bulk resistance to deformation). Hard
spheres were also included in the system to increase the bulk compressive stiffness, which
is also an important factor in many jamming applications.
Two models-a closed-form one and a numerical one-were also presented to
predict the effective bulk compressive stiffness, Eeff, as a function of the volume fraction of
soft spheres, qp. Both of these models treated the system as one in which the stiffnesses of
the spheres could be added in series along the direction of the applied axial load. Using the
results from the triaxial compression tests to validate these models, it was proven that Eeff
can be approximated for (p, > 0.2 if Eeff(( s = 1) and the ratio of the stiffnesses (or
moduli) of the hard and soft spheres are known.
3.4.1 Recommended next steps
While the models presented in 3.3.4 yielded predicted values of Eeff that aligned
reasonably well with experimental results for large values of Ts, they overestimated the
values of Eeff for small values of T, Therefore, an additional model can be developed to
better predict Erf for small values of Ts. For example, the model can consider the fact that
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voids are present in the system such that spheres can dislocate to occupy voids, thereby
decreasing the resistance to bulk deformation to decrease Peff.
Additionally, it is promising that a mixture of monodisperse hard and soft spheres
can achieve drastically different friction angles as a function of confining pressure within
the range of differential jamming pressures afforded by vacuum pumps and air as the
interstitial fluid. However, there are many interesting ways in which the system could be
modified to further improve the desired performance of jammable systems. For example,
as discussed in Chapter 2, the friction angle of the system could be increased by increasing
the size distribution of grains in the system. Also, as with the rubber-sand mixtures
investigated in the soil mechanics community, it might be interesting to combine soft
spheres with larger hard spheres such that the soft spheres deform to help stabilize the
force chains of the hard spheres under large confining pressures to modulate the bulk
strength of the system.
Also, revisiting one of the initial inspirations for the mixture of hard and soft
spheres, it would be interesting to explore composite grains composed of a rigid, angular
core embedded in a soft and rounder outer material. Such a grain is hypothesized as also
being capable of achieving variable friction angles as a function of confining pressure, as
the grain could transition between behaving more like a rounded shape under low
confining pressures and a more angular shape under high confining pressures.
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CHAPTER
4
DESIGN AND ANALYSIS OF A JAMMABLE
ROBOTIC MANIPULATOR
4.1 Overview
As in Chapters 2 and 3, the goal of the work presented in this chapter was to provide
engineers with increased knowledge for designing jammable systems in a principled
manner. However, compared to previous chapters, the focus of this work lies at the
applications end of the proposed spectrum that spans the range of jamming-related
research, as discussed in 1.1.1. Specifically, the latter portion of this chapter presents the
design and analysis of a jammable robotic manipulator, shown in Figure 4.1. The
manipulator was composed of serial jammable segments composed of thin flexible
membranes containing granular material. As with most of the predecessors of jamming
applications, including the universal gripper [2], jamming in each of the segments was
achieved by applying a vacuum to induce a differential jamming pressure, Pjam. By
coupling the stiffness control of individual segments with a cable-driven system consisting
of three cables only, position and shape control of the manipulator could be achieved
through multiplexing in time. This approach enables manipulators that can be robust, low-
cost, and highly articulated.
The design of the manipulator motivated two additional studies that provide insight
into the manipulator design: 1) an exploration of granular systems with high strength-to-
weight performance, which is desirable for many applications including the robotic
manipulator (discussed in 4.3); and 2) the modeling and analysis of a jammable beam
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element (discussed in 4.6), which could provide fundamental design tools for many
jamming applications such as the manipulator and endoscopic devices [4][53].
Figure 4.1: Two prototypes of the jammable robotic manipulator: a) the first prototype,
and (b) the second prototype: (left) in the unjammed state, and (right) jammed in a
corkscrew configuration.
4.2 Hyper-redundant robotics: background
Because granular systems inherently lack mechanical structure in their unjammed states,
their flexibility and high degrees of freedom (DOFs) can be beneficial for hyper-redundant
robotic systems such as a manipulator. Most approaches to hyper-redundant robotics have
involved employing distributed and rigid pneumatic or electromagnetic actuators. Much of
the effort in this area has been in developing snake robots, as they often require many
controlled DOFs [83]. While these traditional snake robots have impressive capabilities
and are useful in many applications such as search-and-rescue, they can be complex,
fragile, and expensive. Often, these types of robots employ one traditional actuator, such as
a motor, per degree of freedom.
As discussed in 1.2, a class of hyper-redundant manipulators that seeks to maximize
mechanical compliance is hydrostatic robotics, which often utilize hydraulics and
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pneumatics for actuation [84][17][85]. These types of robots are typically designed to
mimic biological systems, as many applications can greatly benefit from robots that have
the strength and dexterity of natural structures such as tongues, tentacles, and trunks [86].
Such systems are impressive, though they are not typically capable of both passively
conforming to their environments and maintaining arbitrary configurations.
Cable-driven systems can be controlled by traditional actuators such as motors,
while also being highly dexterous [87][88]. These manipulator-type systems are often
found in (but not limited to) surgical devices, which typically are too small to include on-
board actuators [89][90]. While many cable-driven robots are capable of being highly
articulated, many of them lack the ability to isolate the control of individual segments,
preventing the robot from achieving arbitrary configurations.
4.3 Strength-to-weight performance
The strength-to-weight performance is an important figure of merit for many types of
payload-carrying systems including the manipulator, as such systems must be able to
support their own weight in addition to any payloads. An exploration of granular systems
with high strength-to-weight ratios is not necessarily interesting for the physics or soil
mechanics communities but can be crucial for engineers designing jamming systems.
4.3.1 Experimental methods and procedure
Triaxial compression tests, which were described in 2.3.4, were conducted on several
materials that were hypothesized to exhibit high strength-to-weight performance.
Parameters of interest included the bulk compressive yield stress, ay, the effective bulk
compressive modulus, Eeff, and the mass density of the material. In order to make
educated guesses for materials that might yield high strength-to-weight performance, grain
characteristics of interest included: low density, large size distribution, and large shape
distribution. As discussed in Chapter 2, the latter two are known to increase the density
and interlocking ability of grains, thus increasing the overall shear strength of the jammed
system. The materials tested were 1) coarsely ground coffee, 2) finely ground coffee, 3)
sawdust, 4) diatomaceous earth, and 5) hollow glass spheres (10-50 microns in diameter).
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Solid glass spheres (100-200 microns in diameter) were also included as a comparison, as
they are frequently used as a benchmark grain type for granular studies. Microscopic
images of each of these materials are presented in Figure 4.2.
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Figure 4.2: Microscope images of the grains tested. Top row, left to right: coarsely ground
coffee, finely ground coffee, sawdust; bottom row, left to right: solid glass spheres, hollow
glass spheres, and diatomaceous earth.
The sample preparation method was similar to those utilized in the triaxial tests
discussed in Chapters 2 and 3: cylindrical test samples, with a diameter and height of
approximately 50 mm and 90 mm, respectively, were constructed by loosely packing grains
into a thin (approximately 70-microns thick) latex membrane. Loose packing was achieved
by dispensing the grains through a funnel and moving the funnel in a circular motion to
achieve uniform piling. During this process, an outer rigid shell was used to maintain the
desired cylindrical shape of the sample.
Upon applying a vacuum, fvac, to the inside of the membrane to induce a differential
jamming pressure, Pam = vac, the sawdust and diatomaceous earth samples tended to
compact significantly. Therefore, exceptions were made for these two materials in terms of
initial "loose packing" conditions; additional material was added to each sample until the
desired sample dimensions were achieved.
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4.3.2 Experimental results and discussion
For the results presented here, all the triaxial compression tests were conducted at Pam =
75 kPa.
Figure 4.3 presents representative stress vs. strain curves for each of the materials,
and Table 4.1 presents calculated Eejf/p and ay/p values, where p was the density of the
material. Even though the focus of these studies was to identify materials that have high
strength-to-weight performance, the stiffness, or bulk compressive modulus, Eeff, of the
materials should also be an important consideration for many applications. For example,
while the solid glass beads yielded the largest bulk compressive modulus, their bulk
compressive yield stress was barely one fourth of that of the coarsely ground coffee, which
also exhibited a relatively large effective modulus.
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Figure 4.3: Compressive stress vs. strain data for the grains tested.
The convex shape of the stress-strain curves for sawdust was typical of that of
certain materials such as a flexible foam, which locally collapses under load before
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densifying. Notice in Figure 4.3 that the sawdust appeared to experience densification
only, as it did not reach an apparent yield stress. This suggests that materials such as
sawdust can be very compliant (i.e., exhibit a low bulk compressive stiffness) if not packed
densely, which would defeat the low-density characteristic of the sawdust that made it a
desirable candidate to begin with (however, sawdust from other types of wood might yield
more favorable results). Even though ground coffee is a porous and organic material like
sawdust, it exhibited more of a typical material response under compression-including an
effective elastic regime followed by a plateau regime-suggesting that the particles were
much stiffer than those of sawdust, enabling the ground coffee to maintain its porosity
under load.
Table 4.1: Empirical values for stiffness-to-density, Eeffi/p, yield stress,
ay, and strength-to-density, uy/p, for the materials tested.
Granular material Eeff/P oY Uy/p(kN-m/kg) (MPa) (kN-m/kg)
Hollow glass beads 12.8 0.12 1.4
Coarse coffee 6.8 0.51 1.1
Fine coffee 5.4 0.5 1.0
Diatomaceous earth 3.1 0.23 0.5
Solid glass beads 5.9 0.14 1.0
Saw dust 4.2 N/A N/A
Of the materials tested, hollow glass beads yielded the largest strength-to-weight
ratio. However, ground coffee produced the most favorable combination of exhibiting a
relatively high strength-to-weight ratio as well as relatively large absolute values of Uy and
Eeff. In addition to attributing ground coffee's relatively large oy to its high
polydispersivity, as discussed in Chapter 2, it is also hypothesized that ground coffee's
surface roughness and irregular, jagged features contributed to the interparticle friction
between grains. From this preliminary study, ground coffee was selected as the granular
media to be used in the prototypes of the robotic manipulator presented in the remainder
of this chapter.
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The slight difference in Eeff between the coarsely and finely ground coffee can
possibly be attributed to the coarsely ground coffee exhibiting a larger size distribution of
particles, as suggested in Figure 4.2. When there is a larger range of particle sizes, smaller
particles can fill the voids of larger ones to increase the stabilization of force chains,
thereby increasing the system's bulk resistance to deformation.
Another notable difference between ground coffee and the other materials tested is
that it inherently contains some moisture (oil), which might contribute to the strength and
stiffness properties of the material due to attractive capillary forces between particles.
Recall that the results presented in Figure 2.5 suggested that ground coffee exhibited
cohesion.
4.4 Design of jammable manipulator prototypes
4.4.1 Overview
This section presents the design and analysis of a robotic manipulator composed of 1)
serial modules that can transition between stiff and flexible states via jamming and 2)
tension cables running along the length of the manipulator and whose lengths were
controlled by spooler motors. We previously demonstrated this robotic architecture,
illustrated in Figure 4.4, of coupling locally tunable stiffness with global actuation as a
thrust toward soft robotics [29][28]. One of the main benefits of this type of system is that
by eliminating the need for distributed-and often rigid and bulky-actuators throughout
the robot, the system can be more robust and flexible, enabling it to better conform to its
environment. In addition, the cost of this type of system can be drastically reduced
compared to more traditional systems.
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Figure 4.4: A schematic illustrating how serially connected tunable stiffness elements can be
coupled with simple external actuation to achieve complex and arbitrary configurations.
Two prototypes of a jammable robotic manipulator have been developed to-date.
Both prototypes were composed of five serial jammable segments. Each segment utilized:
coarsely ground coffee as the granular media, a low-stiffness compression spring along its
length, and an outer flexible membrane. The primary purpose of the spring was to
constrain the bending motion of each segment to improve its precision while still being soft
enough to maintain the overall flexibility of the manipulator. The springs also served as
force-restoring elements to help return segments to a neutral position when unjammed.
Each segment also included rigid end caps for connecting one fluid line per segment
and for guiding the tension cables, which ran along the length of the entire manipulator. All
the fluid lines were connected to a single, off-board air vacuum pump; each segment's fluid
line also had an in-line, off-board solenoid valve to enable isolated jamming control of each
segment. This enabled the manipulator to effectively achieve m x n DOFs, where m was
the number of segments and n was the number of DOFs per segment, through multiplexing
in time. Position control was performed by selectively jamming/unjamming individual
segments and controlling the lengths of the tension cables.
4.4.2 Prototype 1
As shown in Figure 4.1, the first prototype of the manipulator was composed of five
identical segments. One of the main challenges of designing the manipulator segments to
resist loads in bending was to prevent grains from squeezing out of the mid-length portion
of the segments, where the segments tended to buckle and fail first. A smooth-ridged,
bellows-like outer membrane (1.5-mm thick) was cast out of silicone to prevent the
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membranes from buckling during bending to help maintain a uniform distribution of
grains.
The total length of the manipulator was 355 mm; the length of each segment was 50
mm, and the narrowest and widest inner diameters of each segment (due to the bellows-
like shape) was 20 mm and 30 mm, respectively. An 8-mm diameter spring with a
compressive stiffness of 600 N/m was implemented at the core of each segment, such that
the ends of each spring were fixed to opposing end caps. The total mass of the manipulator
was 190 grams. The mass percentage breakdown was: 23% end caps and springs, 36%
silicone membranes, and 41% ground coffee. The mass of the tubes and tension cables was
negligible.
This prototype demonstrated that jamming could be very effective as a rapidly
activatable tunable stiffness mechanism and that ground coffee provided adequate changes
in stiffness to easily decouple unjammed segments from jammed ones, as shown in Figure
4.1. While this prototype exhibited high flexibility and could rigidly maintain complex
shapes, it was barely strong enough to support its own weight when the entire manipulator
was jammed in a horizontal position.
4.4.3 Prototype 2
4.4.3.1 Design of jammable segments
The primary goal of the second prototype was to improve the strength-to-weight
performance and payload-carrying capacity of the manipulator. To achieve this, design
modifications were made to remove unnecessary mass in the system. The following
changes were made: thin (150-microns thick) latex sheets-that were wrapped around
and sealed in the shape of tubes-replaced the cast silicone membranes; the manipulator
became tapered along its length; and the springs had outer diameters equal to those of the
segments they were contained in. Commercially available springs were selected based on
their relative dimensions (to maintain approximately 1:2 diameter-to-length aspect ratios
of individual segments and to create an overall tapered shape) and minimal stiffnesses.
Because the membranes no longer had a confining structure built into them as the silicone
membranes had, the larger-diameter springs served an additional purpose of maintaining
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the cross sectional area of each segment during bending. A schematic of this second
prototype of the manipulator is presented in Figure 4.5.
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Figure 4.5: A CAD drawing showing a cross-sectional view of the second prototype of the
manipulator; schematics of primary system components are also included and labeled.
The total length of the manipulator was 380 mm. As mentioned, each segment was
designed to have a 2:1 length-to-diameter ratio. The segments were also designed to scale
linearly to create the overall tapered shape, though the final prototype was limited by the
commercial availability of the springs, and the largest two segments resulted in having the
same dimensions. The average compressive stiffness of the springs was approximately 180
N/m. The total mass of the manipulator was 345 grams (sans electromechanical
components), and the mass percentage breakdown was: 43% end caps and springs, 7%
latex membranes, and 50% ground coffee. By decreasing the unnecessary mass of the
membranes, the relative mass of the ground coffee was increased, thereby increasing the
robot's strength-to-weight ratio. However, the relative mass of the end caps and springs
increased not only because larger springs were used, but also because the design of the end
caps improved at the cost of becoming larger to enable a more modular design than in the
first prototype.
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The second prototype could easily support its own weight when jammed in a
horizontal position.
4.4.3.2 System components
The system for the second prototype of the manipulator was complete with motors
(Dynamixel MX-28) for controlling the length of the cables, and solenoid valves (SMC
NVKF334V) for controlling the air flow at each segment. While a manipulator composed of
any number of segments requires only three sets of motors and cables, spaced 1200 apart,
to control three DOFs (including compression/extension) of every segment-and therefore
create any arbitrary overall shape of the manipulator-four motors were employed, spaced
900 apart, to simplify the control of the system.
A vacuum pump with maximum 101.3 kPa (1 atm) vacuum pressure was utilized to
jam the segments. A vacuum storage tank composed of a large PVC tube was added in line
with the pump to increase the short-term volumetric flow rate of air.
4.5 Prototype performance and analysis
This section highlights the unique capabilities of the proposed jammable manipulator; the
results presented were from tests performed with the second manipulator prototype.
4.5.1 Speed
The speed parameter of interest is the time it takes for the manipulator to transition
between jammed and unjammed states, since this influences the bandwidth of the
manipulator and its ability to respond to its environment.
Tests for determining the jamming speed of the manipulator were conducted by
dropping the free end of the cantilevered manipulator from an unjammed, straight,
horizontal position and recording the time between when the solenoid valves were
activated and when the manipulator jammed and reached a completely rigid and still
position. Because the transition time was rapid, this was done by recording a video of the
test and determining the speed by analyzing individual video frames. The time required to
jam the manipulator was 0.2 seconds. Note that this result can vary for a given system
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depending on the volumetric flow rate of the air. Similar tests were conducted to
determine the unjamming speed, which was 0.1 seconds.
4.5.2 Strength
Many manipulator applications require the system to pick up and transport payloads, thus
requiring adequate strength from the jammable segments. In general, even jammed
granular media that that can support high compression loads have minimal tensile
strength, as grains typically do not interlock to resist tensile loads. Therefore, the bending
strength of jammed systems is expected to be limited by the differential jamming pressure.
An important advantage of the proposed manipulator system is that the cables can
provide significant tensile force even if the grains cannot. Figure 4.6 presents data that was
used to determine the stiffness and yield strength of the jammed manipulator with and
without the use of tension cables. In these tests, the manipulator was cantilevered in the
jammed configuration and weights were hung from its free end, and the displacement of
the tip was recorded. The differential jamming pressure, Pam, was 101 kPa. For the case in
which tension cables were utilized, only a cable along the top of the manipulator was
activated to resist tension. Figure 4.6 indicates that both cases appeared to have both an
effective linear elastic regime and a yield point. Without the use of tension cables, the yield
load was 80 grams; in stark contrast, the yield load was 740 grams when a tension cable
was utilized. This latter result indicated that the manipulator was able to support a
payload equal to more than 200% of its own weight (sans electromechanical components);
in contrast, many industrial manipulators can support payloads that are only a fraction of
their own weight [91].
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Figure 4.6: Tip load vs. displacement curves for the cantilevered, jammed manipulator. One
test was conducted with activated tension cables along the top of the manipulator to provide
tensile strength; the other test was conducted without the use of tension cables. The dotted
line represents the linear fit for the apparent elastic regime for the former case.
Figure 4.7 presents a comparison of various manipulator-type technologies by
evaluating their flexibility vs. strength. The flexibility metric of each system was defined as
the ratio of the length of the "manipulator" to its radius of curvature, and the strength
metric was defned as the ratio of the maximum supportable transverse payload to the
mass of the manipulator. Therefore, an ideal system that is capable of being both highly
articulated and high-strength should lie in the upper-right portion of the comparison space.
From this subset of systems being compared, the proposed jammable manipulator
performed relatively well, especially due to its high-strength capabilities.
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Figure 4.7: A comparison of various manipulator technologies: the Octopus Project [12],
the OctArm [16], a surgical robot [89], a personal robot [92], the Festo bionic handling
assistant [17], a search-and-rescue robot [93], and an elephant trunk composed of springs
and cables [88]. The parameters of interest were the flexibility of the robot (quantified as
length/radius of curvature) and relative payload capacity (quantified as maximum
transverse payload/manipulator mass).
4.5.3 Dexterity and articulation with simple control
Probably the most impressive advantage that the jammable manipulator had over
traditional systems was its flexibility and ability to conform to its environment with simple
control. For example, the manipulator could easily wrap around obstacles because the
compliance of the unjammed segments enabled them to passively conform to other objects.
This contrasts with a more traditional system in which high local precision (usually via
motors) is required for complex maneuvering. In addition, because of the high DOFs of the
system, the manipulator was capable of reaching the same end effector position with many
configurations, as demonstrated in Figure 4.8a.
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Figure 4.8: The manipulator demonstrating its ability to: a) reach an end effector target
with multiple configurations, and b) achieve many complex and highly articulated shapes.
Note that the manipulator is jammed to rigidly hold its shape in all these images.
Figure 4.8 also demonstrates how the manipulator was able to fold on itself and
maintain highly articulated configurations via jamming. The reachable workspace
boundary of the manipulator was nearly a sphere with a radius equal to the manipulator
length. Because the flexibility of the manipulator also depends on details such as the
stiffness of the springs and membrane, the first prototype was more compliant than the
second one due to their different components. A highly articulated and adaptable
manipulator such as the one presented would benefit human-safe robots, as such robots
can be more responsive and accommodating to their environments.
Figure 4.9 presents an additional example of the jammable manipulator
demonstrating its flexibility to operate in a complex environment. Here, the task was for
the tip of the manipulator to reach the left-most peg (colored black) on a board containing
various pegs that served as static obstacles.
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Figure 4.9: A series of images (sequentially labeled) extracted from a video that
demonstrated the manipulator operating in a confined environment with obstacles to
achieve a desired end-effector position (indicated with the left-most, black peg).
4.6 Predicting the bending strength of a jammable beam
In addition to bending strength tests presented in 4.5.2, experimental studies have been
conducted by other groups to determine the bending stiffness and strength of various
jammable systems [50][4][53]. However, there are few published efforts in modeling a
beam-like granular system subjected to bending, most likely because such systems have
been uncommon until their utilization in jamming applications. One group suggested that a
jammable beam can be modeled as a homogenous material with a single elastic modulus, E
[53]; however, the tensile and compressive properties are expected to be considerably
different because granular systems typically have very different deformation mechanisms
in tension versus compression (e.g., grains can resist bulk deformation in compression but
are simply pulled apart in tension). Another group developed a model for predicting the
bending strength of a beam by considering how the local deformation of grains affects the
internal stress of the system [94], though experiments did not validate the accuracy of their
model.
To contribute to the understanding of how a confined, beam-like granular system
behaves in bending, we proposed to model the system as a composite beam composed of
two homogenous materials: one under tensile stress and the other under compressive
stress. Therefore, the neutral axis would lie at the intersection of the two materials, each
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with an effective compressive or tensile elastic modulus, Ec or Et, respectively. Note that
these values are likely to depend on the differential jamming pressure, Pam-
4.6.1 Comparing theory with experimental results
Appendix A presents the derivation of the model used to predict the maximum bending
moment that the manipulator can support. Derived from slender beam theory for a
composite beam, the theoretical maximum bending moment, Mmax, was computed as:
Mmax = min{IMc,max, Mt,max i (4.1),
where the theoretical maximum bending moments, Mt,max and Mcmax, can be calculated
for the tensile and compressive elements of the beam, respectively. Mt,max and Mc,max
were computed as follows:
Mt,max = -ut(EtIt + EcIc) (4.2)
Yt,maxEt
and
-ac( EtIt + EcIc)
Mcmax = -a(ma+E ) (4.3)
where the subscripts t and c represent the tensile and compressive elements of the beam,
respectively, and U, I, and Ymax are the axial yield stress, area moment of inertia, and
location of the edge of the beam relative to the neutral axis, respectively. As discussed in
Appendix A, E, Et, ay,c, and uy,t, were empirical parameters determined for ground coffee.
Figure 4.10 presents a plot of the predicted maximum bending moment, Mmax, as a
function of the effective tensile modulus of the ground coffee, Et, for the case in which no
tension cables were utilized, and Pam was 101 kPa. Because (4.2) and (4.3) were very
sensitive to the values of Et, a range of values of Et was considered because it was not
obvious which value of Et to extract from the triaxial tensile test data. Additionally, it did
not seem appropriate to use only the maximum value of Et computed at small strains since
we were considering the system at failure. Note that (4.2) and (4.3) were also sensitive to
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the values of E,; however, because the beam was expected to fail in tension first, and given
the consistent value of Ec over a range of strain values that exceeded the strain at failure in
tension, a single value of Ec was used in (4.2) and (4.3).
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Figure 4.10: The theoretical maximum bending moment, Mmax, vs. the effective bulk
tensile modulus of ground coffee, Et. The empirical values used in (4.1) to calculate Mmax
were determined for the case of Pjam = 101 kPa.
Figure 4.10 indicates that a theoretical peak occurred at Et = 5500 Pa and
Mmax = 0.72 N-m, where the curve to the left of the peak indicates when the manipulator is
expected to fail in tension, and the curve to the right of the peak indicates when the
manipulator is expected to fail in compression. While it is difficult to conclude whether
Et = 5500 Pa is the appropriate bulk tensile modulus to use based on the triaxial tensile
test data, Mmax = 0.72 N-m aligns well with the experimental result Mmax = 0.79 N-m,
which accounts for the applied moment due to both the maximum tip load (from 4.5.2 for
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the case in which no tension cables were utilized) and the masses of the manipulator
components (including the end caps, springs, and ground coffee).
4.7 Conclusions
This chapter presented the design and analysis of a novel robotic manipulator that utilized
jamming of granular media to achieve local stiffness control while tension cables controlled
the shape and position of the robot. Performance analysis demonstrated that this type of
system can be high-force and highly articulated compared to more traditional
manipulators. Similarly, the jammable manipulator is more robust than traditional
systems because it does not employ any traditional actuators along its length; rather, the
granular media enables the manipulator to be highly deformable yet controllable via
external actuators (i.e., cables). Additionally, the jammable manipulator is low-cost
compared to traditional systems, as fewer traditional actuators (i.e., electric motors) are
required, and components such as the membranes, springs, and granular media can be very
inexpensive.
A preliminary study was also conducted to compare the experimental and predicted
maximum bending moment of the manipulator, where the theoretical results were
computed using slender beam theory. Early results in identifying grains with high
strength-to-weight performance were also presented.
4.8 Recommended next steps
4.8.1 Manipulator design
The strength of the manipulator can be further improved by making simple adjustments to
components such as the end caps. The goal in future prototypes should include removing
the relatively large, rigid end caps altogether and integrating the plumbing more
seamlessly into the manipulator, such as by running the tubes through the center of the
structure.
One limitation of using vacuum pressure as the jamming mechanism is that the
maximum differential jamming pressure is equal to the ambient atmospheric pressure.
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Therefore, utilizing positive pressure to induce jamming (for example, by inserting an
inflatable bladder into a granular system enclosed in a non-stretchy and permeable
membrane) could significantly increase the strength of jammed granular systems, as
applied positive pressures can exceed ambient pressure. However, it is not trivial as to
how positive pressure can be utilized in systems in which grains need to "freeze" in
arbitrary configurations, as in the case of the manipulator, because a positive-pressure
system would tend to take the natural shape of the outer membrane it is contained in.
Another suggested modification to the manipulator design would be to add a
rotational degree of freedom (e.g., by adding another motor at the base of the manipulator)
to simplify the manipulation capabilities and control of the manipulator.
4.8.2 Feedback and control
This new type of manipulator architecture in which binary local control is coupled with
global actuation to achieve many DOFs through multiplexing in time creates new and
interesting problems for the motion- and path-planning of manipulators. Important cost
objectives are introduced, such as the number of operations that are required to reach an
end effector position. Additionally, the mechanical compliance and lack of repeatability in
the distribution of grains in the system adds to the complexity of the problem. One method
for approaching motion-planning might be to draw from what researchers have learned
about manipulator-like systems in nature, such as trunks and tentacles. For example,
octopi create pseudo-discrete joints along their flexible tentacles to efficiently grasp nearby
food [95].
We have conducted preliminary trials using visual tracking systems, such as
spatially distributed infrared cameras, to provide closed-loop feedback for controlling the
shape of the manipulator. Future work could also involve integrating sensors along the
manipulator to not only determine the shape and position of the manipulator but to also
sense its environment.
4.8.3 Potential applications
Jammable systems can greatly benefit human-safe robotics, as they can very quickly
transition between high-strength, rigid states and very compliant ones. In addition, robots
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such as a jammable manipulator can be extremely dexterous and articulated, such that they
can easily adapt to their environments, potentially increasing the capabilities of traditional
manipulators. Jammable manipulators are also less expensive yet more robust than
traditional systems; not only do they require fewer traditional actuators (e.g., electric
motors), but they also do not require any traditional actuators to be employed along the
length of the arm. Therefore, jammable manipulators can be an economical option for
search-and-rescue applications in which robots are often subjected to harsh and unknown
environments.
As discussed, the strength of current systems that utilize vacuum pressure to
achieve jamming is limited by ambient atmospheric pressure. An area that could exploit
this fact is underwater robotics, where the operating environments can generate extremely
high jamming pressures and therefore very strong structures.
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CHAPTER
5
CONCLUSIONS
This purpose of this thesis was to further the understanding of jamming of granular media
as a variable strength and stiffness mechanism for soft robotic applications, though our
findings are likely to contribute to a range of applications outside of robotics. Because the
spectrum of jamming-related research is broad, we decided to focus our studies on three
areas to help apply some of the more fundamental research to the growing class of applied
systems. These three topics were: 1) the strength and stiffness of jammable systems, 2)
correlating grain properties with the macroscopic behavior of jammable systems, and 3)
robotic manipulation. Combinations of these three topics were explored in Chapters 2-4.
In Chapter 2, the latter two topics were addressed: the goal was to determine
whether dominant "microscopic" grain properties could be used to predict the
"macroscopic" performance of granular systems. Specifically, the macroscopic
performance metric of interest was friction angle, which is a measure of the shear strength
of a granular system and was experimentally determined using direct shear tests. The
grains studied were purposely selected to exhibit a large range of properties-in shape,
size distribution, and surface texture-to identify any dominant microscopic properties
that might arise. Microscopic properties were calculated from 2D silhouettes that were
extracted from photos of grains. After an initial analysis of comparing how various
microscopic properties varied with friction angle, two parameters were identified as
yielding apparent trends with friction angle: a shape factor, circularity, and a size
distribution parameter, polydispersivity. Both of these microscopic grain parameters
appeared to, interestingly, exhibit an asymptotic-approach relationship with friction angle.
This presented an important design consideration for engineers developing jammable
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systems, as these results suggested that after a certain value of circularity or
polydispersivity, there might be diminishing returns in terms of other performance
metrics, such as the ease of which grains enter the maximally jammed state.
Drawing from the lessons learned in Chapter 2, Chapter 3 focused on identifying a
novel granular media that was capable of achieving tunable bulk strength as a function of
confining pressure. As with most existing jamming applications in which grains are
contained in a flexible and impermeable membrane, the confining pressure can be
controlled by specifying the differential pressure between the inside and outside of the
membrane using a mechanism such as a vacuum pump. Because the studies in Chapter 2
confirmed that the shapes of grains had a strong influence on friction angle, we proposed to
utilize a type of grain that could change shape depending on the confining pressure.
Specifically, soft spheres were selected because it was hypothesized that they could remain
spherical at low confining pressures (and therefore exhibit both rotational and transitional
degrees of freedom to minimize bulk resistance to deformation) while they could deform to
diverge from being spherical at higher confining pressures (and therefore "lose" their
rotational degrees of freedom to increase bulk resistance to deformation). Triaxial
compression tests were conducted to determine the friction angle of monodisperse
mixtures of hard and soft spheres at various mixing ratios and confining pressures; hard
spheres were included to increase the bulk compressive stiffness of the system.
Experimental results suggested that the friction angle could be increased for systems that
contained a large volume fraction of soft spheres when a differential jamming pressure (of
at least 34 kPa) was applied to the system. Additionally, a simple model (both with a
closed-form and numerical solution, depending on the relative proportions of the granular
system) was developed to predict the bulk compressive stiffness of this mixture of hard
and soft spheres.
In contrast to Chapters 2 and 3, Chapter 4 primarily focused on the applied end of
the spectrum that encompassed jamming-related research. Specifically, we presented the
novel design and analysis of a soft robotic manipulator that utilized jamming of granular
media to transition between rigid, load-bearing states and compliant ones that enabled the
robot to passively conform to its environment. An additional study was conducted to
identify materials that exhibited high strength-to-weight ratios to maximize the
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performance of the manipulator and similar jamming applications. Of the six materials
tested, ground coffee yielded the largest strength-to-weight performance, though further
studies should be conducted on a larger range of materials. In the novel design of the
manipulator, a cable-driven system with off-board actuators was coupled with individually
addressable and serially connected jammable segments to achieve at least two DOFs per
segment. This enabled the system to not only be highly articulated but also more robust
and low-cost compared to traditional systems in which actuators are often distributed
along the length of the robot. Another notable aspect about the jammable manipulator was
that, in addition to controlling the position and shape of the manipulator, the tension cables
could provide tensile strength in the system that granular systems inherently lack even
when jammed.
Therefore, Chapters 2-4 presented three parallel yet related studies to help
progress both fundamental and applied knowledge within the broad range of jamming-
related research. More importantly, this thesis helped draw connections between the
fundamental and applied research areas to enable engineers to design jammable systems in
a principled manner.
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APPENDIX
A
DERIVATION FOR PREDICTING THE MAXIMUM
BENDING MOMENT OF A JAMMABLE BEAM
A.1 Modeling a "jammable" beam as a composite beam
As a first-order approximation, we proposed to use traditional beam bending theory for a
composite beam to predict the internal stresses due to loading of a beam-like granular
system [96][97]. Figure A.1a depicts a generic composite beam composed of two materials
with elastic moduli, E1 and E2, and subjected to a concentrated moment, M. In order to
calculate the stresses in the beam due to bending, the location of the neutral axis, NA, must
be known. Using the labeled parameters in Figure A.1b, the position of the neutral axis,
where y = 0 (also defined as the vertical distance h from the base), can be determined by
summing the axial forces of an internal cross-section of the beam as follows:
F = 0 = f(u)xdA = (u)x,,dA + (a)x,2 dA (A.1)
Using ox = -Ey/p , where p is the local radius of curvature and is constant for a
given cross-sectional area, (A.1) can be rewritten as:
0 = E fydA + E2 f ydA (A.2)
Therefore, if the ratio of El to E2 is known, (A.2) can be used to determine h. The internal
stresses of the beam due to bending can be computed by locally summing the moments:
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Mz = 0 = M + f (u),ydA = M + f (c)x,1 ydA + f ()x, 2 ydA (A.3)
-~ A1  A2
which can be rewritten as:
M = E y2dA y 2d A (A.4)
P fA1 P A 2
Because each of the integrals in (A.4) is also the area moment of inertia, I, for each
respective cross-sectional area, A1 and A2 , (A.4) can be rearranged to become:
p Ell + E2 12  (A.5)M
Therefore, the internal stress due to bending for each of the materials is:
-Egy _-MyEt
ux,i = -Ey= -My (A.6)
p E1I1 + E2 2
for i = 1 and 2 for a beam composed of two materials. This equation is used in an example
in 4.6 to determine the maximum bending moment that a cantilevered, jammed
manipulator can support.
For the specific case of interest, depicted in Figure A.1c, in which the system is
composed of a homogenous granular media that is effectively composed of a compressive
and tensile element with moduli E1 and E2, respectively, (A.2) can be simplified to become:
0 = y1A 1 + ny 2A 2  (A.7)
where Y1 and y2 are the vertical locations of the centroid of each cross-sectional area, A1
and A2, respectively, and n = E2/E 1. Because the neutral axis in this particular system is
located at the interface between the compressive and tensile elements, y1 and Y2 are simply
the centroid locations (which are typically documented for common shapes) calculated
from the inner edge of each "material."
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For a rectangular cross section, the solution to (A.7) is:
2 yi 1
1 - n (A.8)
- Y1 + Yi
The case for a circular beam cross-section, depicted in Figure A.2 is also included
because it is more common in jamming applications. A set of equations that can be used to
solve (A.7), and therefore determine the position of the neutral axis, for a circular cross
section is included as follows:
A1 = R[2 [ - -(16 - sinel) (A.9)
R 2
A2 =-(6 - sin6I) (A.10)2
y1 = R 2 + cos - (A.11)
3 n - j(|6| - sin|6|)) 2
[4 sin31e1
y2 = -R- 2 cos L-I (A.12)I(11 - sin|6I) 2
where R is the radius of the circle, and 0 1 | < is used to define the circular segment with
cross-sectional area A2, as shown in Figure A.2.
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Figure A1: A series of diagrams illustrating the parameters used in (A1)-(A8) for a
rectangular cross section of a beam composed to a tensile element with cross-sectional
area A1 and a compressive element with cross-sectional area A2 .
Figure A.3 presents a comparison of how the normalized location of the neutral axis,
d, varies with n = E2/E1 (for E2 > E1) for rectangular and circular cross sections, where
d = d/D is defined graphically as an inset in the figure.
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Figure A2: A diagram illustrating the parameters used in (A.9)-(A.12) for a circular beam
cross section composed of a tensile element with cross-sectional area A1 and a
compressive element with cross-sectional area A2 .
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The normalized distance, d, (of the neutral axis from the center of the beam for
the case of a rectangular and circular cross section) vs. E2 /E1 .
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A.1.1 Empirically determining parameters for compressive and tensile
jammable elements
In order to solve (A.6) and (A.7) to compute the location of the neutral axis and the internal
stresses, El and E2 must be known. However, because granular systems are complex and
difficult to model, such mechanical properties typically need to be determined empirically.
One group has assumed that the compressive bulk modulus of a granular system is simply
equal to the compressive modulus of the material that the grains are composed of [94];
however, this should not be the case since granular systems have vastly distributed voids
and therefore should exhibit a smaller compressive bulk stiffness than a continuous solid
composed of the same material would.
A set of experiments was conducted on coarsely ground coffee to determine the
parameters necessary to test the validity of the model. Specifically, triaxial compression
and triaxial tensile were performed at various differential jamming pressures, Pam-
Coarsely ground coffee was selected because it is used in many jamming applications,
including the manipulator presented in Chapter 4, because of its favorable performance
properties such as a high strength-to-weight ratio, as discussed in 4.3.
For each type of experiment, the granular samples were confined in a cylindrical,
thin latex membrane that was approximately 50 mm in diameter and 90 mm in height.
Additionally, samples were prepared by "loosely packing" the grains into the membrane by
pouring them through a funnel, as described in previous descriptions of the sample
preparation method for triaxial tests 2.3.4. Each type of experiment was conducted at
three values of Pjam: 101 kPa (1 atm), 67 kPa (2/3 atm), and 34 kPa (1/3 atm).
We hypothesized that the tensile yield stress of a jammable granular system,
regardless of the type of granular media, should be approximately equal to Pjam. This is
because a simple force-balance analysis-conducted on a confined granular system
subjected to an applied vacuum pressure-suggests that an externally applied tensile
stress larger than the absolute applied vacuum pressure is required to pull grains apart
(assuming that the grains do not interlock), thereby causing the system to yield.
Figure A.4 and Figure A.5 present the engineering stress vs. engineering strain data
for the triaxial compression and triaxial tensile tests, respectively. Effective modulus (for
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the case of compression only) and yield stress values were extracted from this data and are
presented in Table A.1; the yield stress values were taken as the maximum stress values
from each experiment.
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Figure A.4: Engineering stress vs. engineering strain data from the triaxial compression
tests conducted on coarsely ground coffee. Different-colored curves represent tests
conducted at various differential jamming pressures, Pam, as specified in the legend.
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Figure A.5: Engineering stress vs. engineering strain data from the triaxial tensile tests
conducted on coarsely ground coffee. Different-colored curves represent tests conducted
at various differential jamming pressures, Pam, as specified in the legend.
Table A.1: Effective modulus and yield stress values extracted from the data
presented in Figure A.4 and Figure A5, where Ec is the compressive
modulus, and ayc and ay,t were the compressive and tensile yield stresses,
respectively.
Pjam Ec (Ty'c ay, t ' t/PPlainy('/P;
[kPa] [MPa] [kPa] [kPa]
101 3.36 0.13 570 + 6 52.4 + 2.4 0.51
67 2.50 + 0.05 354 +6 42.7 + 1.0 0.64
34 1.41 + 0.05 182 + 6 23.0 0.7 0.68
101 3.36 0.13 570 6 52.4 2.4 0.51
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Note that Table A.1 does not include a list of values for Et because it was not obvious
which value of Et to use in (A.6) (see 4.6 for a more thorough discussion). Table A.1
indicates not only that Uy,t and ay,, appeared to be roughly linearly proportional to each
other, but they also appeared to be proportional to Pam. However, contrary to our
hypothesis that the tensile yield stress is approximately equal to the differential jamming
pressure, the values for oy,t were in fact considerably smaller than their respective Pam
values. One possible explanation for this is that a tensile load applied to a jammed
cylindrical element would cause the system to become narrower, therefore introducing an
additional radial stress in the system, which might result in a smaller -y,t than expected.
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